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a b s t r a c t

An analysis of the critical velocity of a load moving uniformly along a beam on a visco-elastic foundation
composed of one or two sub-domains is presented. The case study addressed is related to high-speed
railway lines. A new formulation of the governing equations in the first order state-space form is
proposed for the Timoshenko–Rayleigh beam. Differences in results obtained by Euler–Bernoulli and
Timoshenko–Rayleigh beam theories are analysed. It is concluded that, in the case study considered,
these differences are negligible. Critical velocities are obtained for load travelling on finite and infinite
beams, with and without damping. A new relationship between the viscous damping coefficient and
the modal damping ratio is derived and justified. Predictions about critical velocities established in [1]
are confirmed numerically for cases not considered in [1], i.e. in cases when the load passes on infinite
beams and when damping is considered.

� 2012 Civil-Comp Ltd and Elsevier Ltd. All rights reserved.

1. Introduction

The response of rails to moving loads is of interest in the area of
high-speed transportation. If simple geometries of the track and
subsoil are considered, a theoretical concept that is based on the
assumption that the track structure acts as a continuously sup-
ported beam (the rail) resting on a uniform layer of springs can
be introduced. This layer of springs represents the underlying
remainder of the track structure, composed of sleepers, ballast,
subballast and subgrade. The stiffness of such spring layer along
the length of the track is named as the track modulus, also referred
to as the modulus of elasticity of the rail support. A single term
representing the viscous damping of the foundation is usually
added to the governing equations describing transverse vibrations
of the rail induced by the moving load.

For such simplified models, analytical or semi-analytical solu-
tions may be derived and thus several concerns related to railway
lines can be quickly solved. Other advantages of simplified models
are listed as follows: (i) only the main results are available, so they
are simple to analyse; (ii) the results usually preserve parameter
dependence, allowing for direct sensitivity analysis; (iii) numerical
evaluation can be carried out only in places of interest, without fol-
lowing the full time history; (iv) high results precision is ensured
within the simplified frame; (v) fast results evaluation is possible.
However, due to the simplifying assumptions, it must be stressed
that the results obtained reflect only an approximation of the real
structural response to the moving load.

Since a considerable amount of studies have been published on
this subject, only a few pioneering works are mentioned. Dynamic
stresses in the beam structure were first solved by Krylov [2] and
later by Timoshenko [3]. Transverse vibrations in a simply sup-
ported beam traversed by a constant force moving at a constant
velocity were presented by Inglish [4], Lowan [5] and, later on,
other solutions have been given by Koloušek [6] and Frýba [7]. In
these approaches the deflection field is expressed as an infinite
sum of normal modes. Each mode contribution can be obtained
by methods of integral transformation, [8].

Solutions for infinite beams were first presented by Timoshenko
[9]. The Fourier transform is used for solving the ordinary differen-
tial equation. In [10] the effect of the foundation’s viscous damping
on the response was also discussed. The case of a load variable over
time is presented in [11]. The conventional elastic foundation can
sustain both compression as well as tension when the beam de-
forms. The steady state deformation of an infinite beam on a ten-
sionless elastic foundation under a moving load was first studied
in [12]. An important comparison between finite and infinite beam
characteristics is presented in [13].

When dealing with non-homogeneous supports or foundation
stiffness, it is relevant to mention a review by Vesnitskii and
Metrikine on transition radiation in mechanics [14]. According to
this work, when the load passes at a constant velocity over a
discontinuity in the supporting structure, additional vibrations,
conventionally referred to as transition radiation, are generated.
These vibrations can significantly amplify the beam’s deflection
field. In [15], transition radiations in elastic systems are analysed.
Other analytical studies addressing the foundation stiffness change
are presented in [16]. The ones based on the concept of the
dynamic stiffness matrix are given in [1,17,18].
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In this paper, the analysis of critical velocity of a load moving
uniformly along a beam on visco-elastic foundation is presented.
The critical velocity, in the context of this paper, is defined as the
load velocity inducing the beam’s highest deflections directed
downward and/or upward. This velocity is obtained by a paramet-
ric analysis during which extreme displacements are determined
for each considered velocity. Analyses are carried out on finite as
well as infinite beams, on beams for which the foundation is com-
posed of one or two homogeneous sub-domains (see description
in Section 2) and with or without damping influence. Free vibra-
tions on finite beams after the load has already left the structure
are also analysed. Results related to beams composed of a single
sub-domain are obtained by adopting Euler–Bernoulli (E–B) and
Timoshenko–Rayleigh (T–R) theories. Due to negligible differences
in results, only E–B beams composed of two sub-domains are
considered further. Conclusions taken on the beams composed of
two sub-domains allow for generalization to several sub-domains.

Several authors presented results obtained on finite simply
supported beams [19,20] or clamped beams [21] as the ones that
correspond to infinite beams. In these works no care is taken to
address the issue of reflected waves. The beam lengths introduced
are 30 m, 62.4 m and 32.5 m, respectively, which cannot be consid-
ered very long. In this paper it is shown that results obtained on a
finite beam on soft elastic foundation cannot be interchanged with
results obtained on a corresponding infinite beam. Even a beam
longer than specified above (200 m) is considered in this paper.
Along with the analysis of critical velocity, the main goal of the
study presented in this paper is to identify differences in results
of finite and infinite beams in terms of: (i) the maximum displace-
ment gradient with respect to the load velocity; (ii) the effect of
transition radiation; (iii) the damping influence.

The consideration of realistic damping behaviour is not a sim-
ple task. Total damping should include the material damping and
the geometrical (radiation) damping, that is, the geometrical dis-
sipation due to wave propagation into the subsoil. It was proven
in [22] that the models represented by a low number of parame-
ters like the one used in this paper cannot correctly represent the
geometrical dissipation. Material damping should encompass
both internal friction in the beam as well as damping of the geo-
material representing the foundation. According to experiments,
material damping of geomaterials is frequency independent
[23], thus it should be modelled as hysteretic damping. Often vis-
cous damping is considered instead, because it leads to a conve-
nient form of the equation of motion [23], but then the energy
loss per cycle is dependent upon the excitation (or response)
frequency. Due to several simplifying assumptions already
adopted, a more realistic damping model would not improve
accuracy significantly, therefore only viscous damping is consid-
ered. The value of the critical viscous damping coefficient related
to infinite beams is very often introduced in an approximate way
[24]. The correct formulation for infinite Euler–Bernoulli (E–B)
beams is given in [7], and a new (not yet published) formula is
derived in this paper for the critical damping of infinite
Timoshenko–Rayleigh (T–B) beam.

Along the developments presented in this paper, new formula-
tions are given for: (i) the first order state-space form of T–R beam;
and (ii) for the relation between the viscous damping constant and
the modal damping ratio assuring the same level of damping in
lightly damped finite beam structures.

The critical velocities determined for the case study considered
are still unattainable by nowadays trains. Nevertheless, results pre-
sented in this paper have practical importance because they show
values of extreme displacements as a function of velocity. Espe-
cially augmented displacements directed upward, that aggravate
track deterioration, should be avoided in railway applications.

The paper is organized in the following way: in Section 2, a gen-
eral description of the problem and the simplifying assumptions
are stated. In Section 3, the case study is defined. In Section 4, finite
and infinite beams composed of one sub-domain are analysed un-
der the assumption of E–B and T–R beam theory. In Section 5, finite
and infinite beams composed of two sub-domain are analysed un-
der the assumption of E–B beam theory. In Section 6, numerical
results are presented. Conclusions are drawn in Section 7.

2. General description of the problem

A uniform motion of a constant single vertical force along a
horizontal beam on a linear visco-elastic foundation is assumed.
The foundation is modelled as distributed springs and dashpots.
The beam is homogeneous with a uniform cross section made of
a linear elastic material and its damping is proportional to the
velocity of vibration. The load’s inertia is neglected.

Finite simply supported and infinite beams will be addressed.
The foundation will be composed of one or two sub-domains with
uniform properties. In Fig. 1, a finite simply supported beam on a
foundation composed of two sub-domains is shown. P stands for
the moving force, v is its constant velocity, x and w are spatial coor-
dinate and vertical deflection. The deflection is assumed positive
when oriented downward and is measured from the equilibrium
position, when the beam is only loaded with its own weight. At
zero time (t = 0) the load is located at the origin of the spatial coor-
dinate x.

The critical velocity of the single load will be addressed, exam-
ined and compared for finite and infinite beams on a homogeneous
foundation (foundation composed of a single sub-domain) and on a
foundation composed of two sub-domains. Conclusions drawn are
possible to extend to situations with more foundation sub-do-
mains. For the sake of simplicity, the term ‘‘sub-domain’’ will be
used not only for the foundation, but also for the corresponding
beam structure. Transverse vibrations induced by the load are
solved by the normal-mode analysis. The natural frequencies are
obtained numerically exploiting the concept of the global dynamic
stiffness matrix. This ensures that the frequencies obtained are
accurate. For infinite beams composed of two sub-domains the
method described in [17] is adopted. Results on homogeneous infi-
nite beams are obtained according to [7,24].

In this context, it is necessary to review previous works. In [1],
the load critical velocity on undamped finite beams composed of

P
v

x

w

Fig. 1. Simply supported beam on a foundation composed of two sub-domains.
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two sub-domains is examined, but the velocity step in the para-
metric analysis is quite large and therefore the effect of waves
reflection is not accurately demonstrated. Moreover, extreme
displacements are not separated according to the load position.
Such a separation is very important, because it shows that some-
times higher displacements in the first sub-domain are attained
when the force is already passing over the second sub-domain,
as a result of transition radiation and waves reflection. A method
that allows dealing with infinite beams by modal expansion
method is presented in [17]. In [18], the effect of damping on finite
beams composed of two sub-domains is studied. It was concluded
in [1] that, in beams composed of two sub-domains, the velocities
that correspond to critical velocities of the sub-domains
considered separately, are themselves critical in both sub-domains.
This conclusion will be analysed in other cases not considered in
[1].

It was justified in [1,17] that the modal expansion of a transient
displacement of a beam on an elastic foundation requires a signif-
icant number of vibration modes until an acceptable accuracy is
achieved. In this paper, 300 modes will be used for finite beams
and 800–1300 modes in the method from [17] when dealing with
infinite beams composed of two sub-domains. There are no
numerical difficulties in results evaluation related to simply
supported beam composed of single sub-domain. However, when
different boundary conditions and/or beams composed of more
sub-domains are considered, one must be aware of numerical er-
rors in higher mode shapes evaluation. These problems are first
mentioned in [25], where an alternative formulation of mode
shapes is suggested. In [26], the error in mode shape evaluation
is estimated considering double precision calculation. We sug-
gested in [17] an alternative formulation that also performs well
in double precision even for a significant number of modes and,
moreover, keeps the evaluation mostly within the real domain.
Nevertheless, very high modes require evaluation in software with
adaptable number of digits precision without any link to the com-
puter specified value. In addition, such software must handle very
high and low numbers, which is necessary for high natural fre-
quencies determination. Natural frequencies search and numerical
evaluation of analytical formulae was programmed as intercon-
nected modules of MAPLE [27] and MATLAB [28] software. The
objective was to combine the high precision of Maple with the fast
evaluation of Matlab software.

3. Case study

The case study addressed in this paper is related to high-speed
railways. As stated in the Introduction, a beam on a visco-elastic
foundation is considered. Finite and infinite beams will be ana-
lysed. The length of the finite beam is taken as 200 m. For the sake
of simplicity and easy comparison of analytical values, the finite
beam is simply supported.

UIC60 rail is used to model the beam (introduced numerical
data according to [29] are summarized in Table 1). The load applied
has a total axle mass of 17,000 kg corresponding to a locomotive of
the Thalys high-speed train, thus the force used is P = 83.4 kN. Two
case studies were considered. The first case study, discussed in

Sections 4 and 6.1, is a beam composed of a single sub-domain
with a relatively soft foundation of k = 0.25 MN/m2. The second
case study is a beam composed of two sub-domains, the first one
with a soft foundation (k1 = 0.25 MN/m2) and the second one with
a stronger foundation (k2 = 0.5 MN/m2), and it is analysed in Sec-
tion 5 and 6.2. These values are taken according to [16], in which
the beam is modelled as two UIC60 rails, as also in [1,17]. Never-
theless, it is more common to use just one rail [13,24] because of
the definition of the track modulus that corresponds to the Winkler
foundation stiffness of a single rail. The effect of axial force will not
be taken into account. In Fig. 2, the case study corresponding to the
finite undamped beam composed of two sub-domains is shown.

4. Beam composed of a single sub-domain

4.1. Infinite beam

The infinite homogeneous beam on visco-elastic foundation
subjected to a moving load has been studied over the years by sev-
eral authors, such as [7,13,24]. The analytical solution indicates a
symmetric deflection shape in the undamped case, with the max-
imum displacement value at the actual load position for subcritical
velocities. At critical velocity, the analytical displacement tends to
infinity. Zero deflection in the actual load position is verified for
supercritical velocities [7].

Critical velocity vcr is given for E–B and T–R beams by:

vE�B
cr ¼

ffiffiffiffiffiffiffiffiffiffi
4kEI
l2

4

s
ð1Þ

The numerical values for the case study are vE�B
cr ¼ 205:573 m=s and

vT�R
cr ¼ 205:237 m=s. As the proximity of these values indicates,

there are no visible differences in the deflection shapes on E–B
and T–R beams. For the case study specified, some deflection shapes
are shown in Fig. 3, obtained with the E–B beam theory.

When damping is present, infinite displacement never occurs
and the deflection shape is asymmetric. The viscous critical damp-
ing coefficient ccr causes an onset of the case when the deflection
shape behind the load does not have a harmonic component. The
critical damping is often associated with the approximate value
of 2

ffiffiffiffiffiffi
kl

p
[24], due to the analogy with one-degree-of-freedom sys-

tems. The correct value must be determined from the condition

Table 1
Characteristics of UIC60 rail according to [29].

Property Beam (UIC60 rail)

Young’s modulus E (GPa) 210
Poisson’s ratio m 0.3
Shear modulus G ¼ E

2ð1þmÞ (GPa) 80.769

Density q (kg/m3) 7800
Transverse cross-sectional area A (m2) 76.84 � 10�4

Shear coefficient j 0.41
Area moment of inertia I (m4) 3055 � 10�8

Radio of gyration r (m) 0.063
Bending stiffness EI (MN m2) 6.4155

Shear stiffness GA ¼ jGA (MN) 254.46

Mass per unit length l (kg/m) 59.9352

vT�R
cr ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1

lðkr2 � GAÞ2
ðkðEIðkr2 � GAÞ � 2r2GA2Þ þ 2GA

ffiffiffiffiffiffiffiffiffi
kGA

p ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
kr4GA� EIðkr2 � GAÞ

q
Þ

s
ð2Þ
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that leads to no harmonic shape behind the load, therefore it must
depend on velocity v. For E–B beam it is [7]:

cE�B
cr ¼

2
ffiffiffiffiffiffi
kl

p
a

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2

27
ð�a2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a4 þ 3

p
Þ

r
ð2a2 þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
a4 þ 3

p
Þ ð3Þ

where

a ¼ v=vE�B
cr ð4Þ

For T-R beam such a condition is more complicated, but the critical
damping coefficient can also be expressed analytically:

cT�R
cr ¼ 1

2

kGA� 3a4D1D2 þ a2 kD2 þ GAD1 � GA2
� �

a3vD2
ð5Þ

where

a ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I1

3
þ 2

3

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
I2
1 � 3I2

q
cos hþ 4p

3

� �s
;

h ¼ 1
3

arccos
2I3

1 � 9I1I2 þ 27I3

2ðI2
1 � 3I2Þ3=2

 !

D1 ¼ GA� lv2; D2 ¼ EI � lv2r2 ð6Þ

I1 ¼
2GAD1 � kD2 þ GA2

D1D2
; I2 ¼ �GA

2kD2 � GAD1 þ GA2
� �

D1D2
2

;

I3 ¼ �
kGA2

D1D2
2

Eq. (5) is a new, not yet published, result. Deflection shapes are
shown in Fig. 4 for 5% of the critical damping value. Results on

E–B beam are also shown. Results on T–R beam are overlaid, with
no visible differences.

A parametric analysis with respect to the velocity was per-
formed, and extreme displacement values were extracted. Small
differences between values obtained on E–B and T–R beams were
noticed. Their origin can be attributed to the small difference in
critical velocity. For instance in the undamped case, shifting the
results in a way to match the critical velocities, all differences laid
within 2% until the critical velocity and then they increased to 4.5%
for the velocity of 300 m/s. Corresponding graphs will be presented
later on, as they will serve for the comparison with the finite beam
results.

4.2. Finite simply supported beam

In this section, the governing equations for T–R beam are
reviewed. A new formulation in the first order state-space form
is proposed. This formulation is self-adjoint and therefore leads
to a new definition of a modal mass in a generalized form.

Let a simply supported T–R beam on visco-elastic foundation
composed of single sub-domain be assumed. The coupled govern-
ing equations for bending rotation w(x, t) and transverse deflection
w(x, t) read as:

@

@x
EI
@wðx; tÞ
@x

� �
þ GA

@wðx; tÞ
@x

� wðx; tÞ
� �

� lr2 @
2wðx; tÞ
@t2 ¼ 0 ð7Þ

l @
2wðx; tÞ
@t2 � @

@x
GA

@wðx; tÞ
@x

� wðx; tÞ
� �� �

� @

@x
N
@wðx; tÞ
@x

� �

þ kwðx; tÞ þ c
@wðx; tÞ
@t

¼ pðx; tÞ ð8Þ

wheel
rail

100 m 100 m

v

1k 2k

Fig. 2. Case study corresponding to finite undamped beam composed of two sub-domains.

Fig. 3. Infinite beam, load passage at 50, 200, and 225 m/s, respectively.
Fig. 4. Infinite beam, load passage at 50, 200, and 225 m/s, respectively, 5% of the
critical damping.
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where N is the axial force (positive as traction) and p(x, t) is the gen-
eral loading term, which for the case of a single force moving at con-
stant velocity v is given by Pd(x � vt), where d is the Dirac delta
function. The damping coefficient c encompasses both the damping
of the distributed dashpots as well as the material damping of the
beam. Boundary conditions are

wð0; tÞ ¼ 0; wðL; tÞ ¼ 0;
@Mðx; tÞ
@x

����
x¼0
¼ 0;

@Mðx; tÞ
@x

����
x¼L

¼ 0 8t

ð9Þ

where L corresponds to the total beam length and the flexural mo-
ment M is given by

Mðx; tÞ ¼ �EI
@wðx; tÞ
@x

ð10Þ

Homogeneous initial conditions will be assumed for the sake of
simplicity:

wðx;0Þ¼0;
@wðx;tÞ
@t

����
t¼0
¼0; wðx;0Þ¼0;

@wðx;tÞ
@t

����
t¼0
¼0 ð11Þ

For uniform beam characteristics, Eqs. (7) and (8) can be simplified
and uncoupled for w and w, yielding two analogous fourth order
equations in space and time (variables x and t are omitted for the
sake of simplicity):

EI
@4w
@x4 � lr2 @4w

@t2@x2
þ 1� EI

GA

@2

@x2 þ
lr2

GA

@2

@t2

 !

� l @
2w
@t2 � N

@2w
@x2 þ kwþ c

@w
@t

 !
¼ pþ lr2

GA

@2p
@t2 �

EI

GA

@2p
@x2 ð12Þ

EI
@4w
@x4 � lr2 @4w

@x2@t2 þ 1� EI

GA

@2

@x2 þ
lr2

GA

@2

@t2

 !

� l @
2w

@t2 � N
@2w
@x2 þ kwþ c

@w
@t

 !
¼ @p
@x

ð13Þ

A commonly used technique for transient response determination is
the modal expansion of w and w in series of undamped modes. Un-
damped modes in this case form complete space and the form of
viscous damping introduced will not prevent uncoupling in modal
space. The displacement field is then given by:

wðx; tÞ ¼
X

j

qjðtÞwjðxÞ ð14Þ

where qj(t) and wj(x) are the jth modal coordinate and the jth un-
damped vibration mode.

The solution w(x, t) is unique. Therefore, if after adopting some
assumptions the resulting form given by Eq. (14) will fulfil the gov-
erning equations, it is possible to conclude that these assumptions
imposed no restriction on the solution itself, only on the form how
it is expressed.

One can determine undamped vibration modes by assuming
that the solution of homogenous Eq. (12) without the damping
term is separable in time and space, and that it has a form of
harmonic vibrations w(x, t) = w(x)eixt, where i ¼

ffiffiffiffiffiffiffi
�1
p

and x is
the circular frequency of these vibrations. Similar relations hold
for internal forces. Then:

1þ N

GA

� �
d4w

dx4 þ
1
EI

lr2x2 1þ N

GA

� �
� N

� �
þ 1

GA
ðlx2 � kÞ

� �
d2w

dx2

� 1
EI

1� lr2x2

GA

� �
ðlx2 � kÞw ¼ 0 ð15Þ

The same equation can be obtained for w. Boundary conditions
remain coupled:

wð0Þ ¼ 0; wðLÞ ¼ 0;
dwðxÞ

dx

����
x¼0
¼ 0;

dwðxÞ
dx

����
x¼L

¼ 0 ð16Þ

The wave number equation can be written in the following form
[13,24]:

s4 þ As2 þ B ¼ 0 ð17Þ

where

A ¼ 1
EI

lr2x2 1þ N

GA

� �
� N

� �
þ lx2 � k

GA

� �
= 1þ N

GA

� �
ð18Þ

B ¼ � 1
EI

1� lr2x2

GA

� �
ðlx2 � kÞ= 1þ N

GA

� �
ð19Þ

Four complex wave numbers correspond to each natural frequency.
Their form is:

s1 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A
2

� �2

� B

svuut
; s2 ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A
2

� �2

� B

svuut

s3 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A

2
�

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A
2

� �2

� B

svuut
; s4 ¼ �

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A
2

� �2

� B

svuut
ð20Þ

thus the mode shape, bending rotation and flexural moment are
written as:

wðxÞ ¼
X4

l¼1

Cleslx; wðxÞ ¼
X4

l¼1

Clŝleslx; MðxÞ ¼ �EI
X4

l¼1

Clŝlsleslx

ð21Þ

where

ŝl ¼ sl þ
1

GAsl

Ns2
l þ lx2 � k

� �
¼ GAsl

GA� EIs2
l � lr2x2

; l ¼ 1; . . . ;4

ð22Þ

and the vertical reaction force is given by:

VðxÞ ¼ GA
dw
dx
� w

� �
þ N

dw
dx

¼ GA
X4

l¼1

Clðsl � ŝlÞeslx

 !
þ N

X4

l¼1

Clsleslx

 !
ð23Þ

which can also be written as:

VðxÞ ¼ EIðŝ1ŝ3ðC1s3es1x þ C3s1es3xÞ þ ŝ2ŝ4ðC2s4es2x þ C4s2es4xÞÞ ð24Þ

Constants Cl, l = 1, . . . , 4 must verify the boundary conditions. How-
ever, as the system of equations is homogeneous, its determinant
(named as the characteristic equation) must be set to zero. The
roots of this equation, xj, are the natural frequencies.

For N = 0, Eqs. (18) and (19) can be simplified to:

A ¼ lr2x2

EI
þ lx2 � k

GA
ð25Þ

B ¼ � 1
EI

1� lr2x2

GA

� �
ðlx2 � kÞ ð26Þ

If

k
l
< x2 <

GA
lr2 ð27Þ
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then A is positive and B is negative and it is possible to keep the
analysis within the real domain, for instance by defining:

k1 ¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
�A

2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A
2

� �2

� B

svuut
; k2 ¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A
2
þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
A
2

� �2

� B

svuut
;

k̂1 ¼ k1 þ
ðlx2 � kÞL2

GAk1
; k̂2 ¼ k2 �

ðlx2 � kÞL2

GAk2

ð28Þ

wðxÞ ¼ C1 cosh
k1

L
x

� �
þ C2 sinh

k1

L
x

� �

þ C3 cos
k2

L
x

� �
þ C4 sin

k2

L
x

� �

wðxÞ ¼ C1k̂1 cosh
k1

L
x

� �
þ C2k̂1 sinh

k1

L
x

� �

þ C3k̂2 cos
k2

L
x

� �
þ C4k̂2 sin

k2

L
x

� �
ð29Þ

For a simply supported beam, C1 = C2 = C3 = 0 and the characteristic
equation is sinððk2xÞ=LÞ=0, thus k2;j ¼ jp, j = 1,2,. . . , regardless of
whether theory T–R or E–B is assumed. The mode shape for simply
supported beam is therefore:

wjðxÞ ¼ sin
jp
L

x
� �

ð30Þ

and the natural frequency is given by the following relations for E–B
and T–R beams:

xE�B
j ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jp
L

� �4 EI
l
þ k

l

s
ð31Þ

ðxT�R
j Þ2 ¼ GA

2lr2

(
1þ kr2

GA
þ jp

L

� �2 EI

GA
þ r2

� �

�
 

1� kr2

GA

 !2

� 2
kr2

GA

jp
L

� �2 EI

GA
� r2

� �

þ 2
jp
L

� �2 EI

GA
þ r2

� �
þ jp

L

� �4 EI

GA
� r2

� �2
!1=2)

ð32Þ

The second inequality in Eq. (27) means that, for the case study
specified

xj <

ffiffiffiffiffiffiffiffi
GA
lr2

s
¼ 32;678 rad=s ð33Þ

which is clearly satisfied for this particular application. Regarding
the first inequality in Eq. (27), for E–B beams it is obvious. For
T–R beam and the case study:ffiffiffiffi

k
l

s
¼ 64:58461 < xT�R

1 ¼ 64:58463 rad=s ð34Þ

It can however happen that the first inequality in T–R beam is not
fulfilled. Then, the mode shape given by Eq. (30) for j = 1 does not
have the lowest natural frequency. More details can be found in
[30].

Eqs. (12) and (13) are fourth order in time, therefore they are
not convenient for determination of modal coordinates, because
of the assumption of harmonic vibrations. It is more convenient
to separate the equations and write them in the first order state-
space form.

A not yet published formulation of Eqs. (7) and (8) in the first
order state-space form is suggested (similarly as in [31]) as:

GA� EI @2

@x2 �GA @
@x 0 0

GA @
@x �N @2

@x2 � GA @2

@x2 þ k 0 0

0 0 �lr2 0
0 0 0 �l

2
66664

3
77775 �

wðx; tÞ
wðx; tÞ
#ðx; tÞ
sðx; tÞ

8>>><
>>>:

9>>>=
>>>;

þ

0 0 lr2 0
0 c 0 l

lr2 0 0 0
0 l 0 0

2
6664

3
7775 � @@t

wðx; tÞ
wðx; tÞ
#ðx; tÞ
sðx; tÞ

8>>><
>>>:

9>>>=
>>>;
¼

0
pðx; tÞ

0
0

8>>><
>>>:

9>>>=
>>>;

ð35Þ

where #(x, t) and s(x, t) are defined according to:

#ðx; tÞ ¼ @

@t
wðx; tÞ; sðx; tÞ ¼ @

@t
wðx; tÞ ð36Þ

It is important to realize that the operator matrix is self-adjoint un-
der the assumption of homogeneous boundary conditions. Then
two orthogonality relations for damped vibration modes can be de-
rived as:

Z L

x¼0
wkðxÞðGAwjðxÞ � EI

d2wjðxÞ
dx2 � GA

dwjðxÞ
dx
Þþ

 

wkðxÞ GA
dwjðxÞ

dx
� N

d2wjðxÞ
dx2 � GA

d2wjðxÞ
dx2 þ kwjðxÞ

 !
þ

xkxjlr2wkðxÞwjðxÞ þxkxjlwkðxÞwjðxÞÞdx ¼ dkjDj

ð37Þ

Z L

x¼0
ðilr2ðxk þxjÞwkðxÞwjðxÞ þ ilðxk þxjÞwkðxÞwjðxÞ

þ cwkðxÞwjðxÞÞdx ¼ dkjHj ð38Þ

where dkj is the Kronecker delta. Eqs. (37) and (38) are connected by

Dk þ ixkHk ¼ 0 ð39Þ

which allows introduction of the modal mass in a generalized form
as:

Dk ¼ �ixkHk ¼ 2x2
kMG

k

MG
k ¼

Z L

x¼0
lw2

kðxÞ þ lr2w2
kðxÞ þ

c
2ixk

w2
kðxÞ

� �
dx ð40Þ

By carrying out the modal analysis, the solution is expressed as an
expansion of orthogonal modes in the form:

wðx; tÞ
wðx; tÞ
#ðx; tÞ
sðx; tÞ

8>>><
>>>:

9>>>=
>>>;
¼
X

k

qkðtÞ

wkðxÞ
wkðxÞ
#kðxÞ
skðxÞ

8>>><
>>>:

9>>>=
>>>;

ð41Þ

where qk(t) is the modal coordinate. By substitution into Eq. (35),
one obtains a first order modal equation of motion:

DkqkðtÞ þ Hk
d
dt

qkðtÞ ¼ pkðtÞ ð42Þ

where

pkðtÞ ¼
Z L

x¼0
pðx; tÞwkðxÞdx ¼

Z L

x¼0
Pdðx� vtÞwkðxÞdx ¼ PwkðvtÞ

ð43Þ

Eq. (42) can be normalized into:

d
dt

qkðtÞ � ixkqkðtÞ ¼
�iP

2xkMG
k

wkðvtÞ ð44Þ
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According to [31], this equation is equivalent to:

d2

dt2 qkðtÞ þ
c
l

d
dt

qkðtÞ þx2
kqkðtÞ ¼

P
xkMk

wkðvtÞ ð45Þ

where Mk correspond to the standard modal mass. The solution can
be written in fully analytical form (we recall the homogeneous ini-
tial conditions):

qjðtÞ ¼
P

MTH
j ðxTH

j Þ
2 e�nxTH

j
tðqAHj sinðxdjtÞ þ qBHj cosðxdjtÞÞ

�

þ qAj sin
jp
L

vt
� �

þ qBj cos
jp
L

vt
� ��

ð46Þ

where TH designates the theory adopted, either E–B or T–R and

xdj ¼ xTH
j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� n2

q
; n ¼ c

2lxTH
j

ð47Þ

qAHj ¼
Xjffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1� n2
p X2

j þ 2n2 � 1

ð2nXjÞ2 þ ð1�X2
j Þ

2 ; qBHj ¼
2nXj

ð2nXjÞ2 þ ð1�X2
j Þ

2

ð48Þ

qAj ¼
1�X2

j

ð2nXjÞ2 þ ð1�X2
j Þ

2 ; qBj ¼
�2nXj

ð2nXjÞ2 þ ð1�X2
j Þ

2 ð49Þ

Xj ¼
jpv

LxTH
j

ð50Þ

Therefore, it can be seen that the only differences between E–B and
T–R beams lie in the modal mass and in the natural frequency, given
by (assuming, for simplicity N = 0):

ME�B
j ¼ 1

2
lL ð51Þ

MT�R
j ¼ 1

2
lL 1þ r2 jp

L
�

lðxT�R
j Þ2 � k

GA

L
jp

 !2
0
@

1
A ð52Þ

When no damping is assumed, Eq. (46) simplifies to:

qjðtÞ ¼
P

MTH
j ðxTH

j Þ
2ð1�X2

j Þ
sinðXjxTH

j tÞ �Xj sinðxTH
j tÞ

h i
ð53Þ

4.3. Critical velocity of a load passing on a finite beam

In this section, the concept of the critical velocity of a load pass-
ing on a finite beam will be explained. It will be seen that the crit-
ical velocity obtained on a finite beam is an upper approximation
of the critical velocity of the corresponding infinite beam. Free
vibrations of the beam when the load is already off the structure
will also be analysed in this section, because they can exceed the
original vibrations.

Let us first consider the case without damping. The maximum
value of the jth generalized displacement is given by the resonant
formula obtained from Eq. (53) by tending Xj to 1:

qjr
ðtÞ ¼ P

2MTH
jr
ðxTH

jr
Þ2

sin xTH
jr

t
� �

�xTH
jr

t cos xTH
jr

t
� �h i

ð54Þ

This identifies the jth resonant velocity as:

v jr ¼
L

jrp
xTH

jr
ð55Þ

which for the E–B beam can be simply written as:

vE�B
jr
¼ L

jrp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jrp
L

� �4 EI
l
þ k

l

s
ð56Þ

Such a resonant velocity can be attributed to each vibration mode.
The critical velocity is the lowest resonant velocity, as indicated in
[13]. If vE�B

jr
in Eq. (56) is considered as a function of jr, then the min-

imum value is achieved for a non-integer jcr:

jcr;1 ¼
L
p

ffiffiffiffiffi
k
EI

4

r
; jcr;2 ¼ �

L
p

ffiffiffiffiffi
k
EI

4

r
; jcr;3 ¼ i

L
p

ffiffiffiffiffi
k
EI

4

r
; jcr;4 ¼ �i

L
p

ffiffiffiffiffi
k
EI

4

r
ð57Þ

Substituting jcr,1 back in Eq. (56), the critical velocity of the infinite
E–B beam is obtained (Eq. (1)), as expected. Thus, the closest integer
to jcr,1 indicates the critical velocity of the finite E–B beam, which is
always higher (at most equal) than the critical velocity of the infi-
nite beam. The same reasoning can confirm Eq. (2).

The resonant generalized coordinate given by Eq. (54) has an
envelope linearly increasing with time. Nevertheless, the infinite
value is never attained, because Eq. (54) loses its validity when
the load leaves the structure. It holds instead:

q̂jðtÞ¼
PXj

MTH
j ðxTH

j Þ
2ð1�X2

j Þ
cosðjpÞsin xTH

j t� jp
Xj

� �
�sinðxTH

j tÞ
� 	

ð58Þ

q̂jr ðtÞ ¼
P

2MTH
jr
ðxTH

jr
Þ2
½�jrp cosðxTH

jr
tÞ� ð59Þ

where the upper ‘‘^’’ indicates that the load is already off the struc-
ture.In the case study considered, the 28th mode is the critical one,
giving the critical velocity vE�B

cr;fin ¼ 205:594 m/s, which is only 0.01%
higher than the critical velocity of the corresponding infinite E–B
beam ðvE�B

cr ¼ 205:573 m=sÞ. For the T–R beam these values are
vT�R

cr;fin ¼ 205:272 m=s and vT�R
cr 205:237 m=s. The 28th mode has thus

the highest contribution to the final response when the load passes
with the velocity close to the critical one. In Fig. 5, the 28th general-
ized resonant modal coordinate is shown. It is seen the change in
shape at t = 0.97 s when the load leaves the structure.

The amplitudes of the generalized coordinates are:

~qjðtÞ ¼
PXj

MTH
j ðxTH

j Þ
2j1�X2

j j

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
cos2ðjpÞ þ 1� 2 cosðjpÞ cos

jp
Xj

� �s
;

~qjr ðtÞ ¼
Pjrp

2MTH
jr
ðxTH

jr
Þ2

ð60Þ

Fig. 5. The generalized 28th resonant modal coordinate.
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The maximum amplitude is attained for the integer closest to jmr,1,
which for the E–B beam is given by:

jmr;1 ¼
L
p

ffiffiffiffiffiffiffi
k

3EI
4

r
; jmr;2 ¼ �

L
p

ffiffiffiffiffiffiffi
k

3EI
4

r
;

jmr;3 ¼ i
L
p

ffiffiffiffiffiffiffi
k

3EI
4

r
; jmr;4 ¼ �i

L
p

ffiffiffiffiffiffiffi
k

3EI
4

r
ð61Þ

and for the case study specified is 21. It looks like the maximum
displacement of the beam is achieved when the load is off the
structure. A more detailed analysis shows that this is verified for
displacements directed upward. Regarding the displacement direc-
ted downward, higher values are only verified for supercritical
velocities. This is caused by the reflected waves having maximum
displacements directed upward and downward basically the same.
More details are given in Section 6.

When damping is considered, the viscous damping coefficient c
from Eq. (45) should consist of the damping contribution that is
attributed to the foundation ~c, and to the material damping of
the beam itself ĉ:ĉ is usually expressed by introduction of the mod-
al damping ratio f as a ratio of the modal critical damping 2lxk.
Thus:

c ¼ ~c þ ĉ ¼ ~c þ 2flxk ð62Þ

It is important to see to what extent such separation influences the
final results. In other words, it would be useful to see if there is
some connection between the global viscous damping coefficient
c and a global modal damping ratio n. A first guess would be to de-
fine c analogously to the approximate formula for infinite beam as
c ¼ 2n

ffiffiffiffiffiffi
kl

p
, but it can be verified numerically that this is not a good

approximation. We suggest instead a new, not yet published, rela-
tion as:

c ¼ 2nlxjcr
¼ 2nl

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jcrp

L

� �4 EI
l
þ k

l

s
ffi 2n

ffiffiffiffiffiffiffiffiffi
2kl

q
ð63Þ

It means that the same level of damping is obtained if either the glo-
bal modal damping ratio n is introduced in a usual way or the vis-
cous damping coefficient c is defined according to Eq. (63). The
validity of Eq. (63) is limited to light damping, more or less up to
n = 8%. This is quite an important result, because then one does
not have to pay much attention to separation in Eq. (62). The valid-
ity of Eq. (63) was checked numerically. For n close to 8%, the max-
imum displacement directed downward is still quite similar in both
cases, but the one directed upward with c-value defined shows
sharper asymmetry, and the reflected waves are attenuated more
efficiently.

The critical velocity of the damped beam can be defined analo-
gously as in the undamped case. It is useful to remark that it is not
usual to define critical velocity for a damped infinite beam. Reso-
nant modal coordinate can be defined as the one that attains its
maximum, which means that the term

ð2nXjÞ2 þ ð1�X2
j Þ

2 ð64Þ

must attain its minimum. A simple calculation gives:

Xjr ¼
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2n2

q
ð65Þ

Thus, for the E–B beam

vE�B
jr
¼ L

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1� 2n2

p
jrp

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
jrp
L

� �4 EI
l
þ k

l

s
ð66Þ

giving 205.512 m/s for the case study considered and n = 2%.
Results between T–R and E–B beams were compared. It is

known that, in static analyses, E–B beam theory is valid with
sufficient accuracy for L/h > 10, where h corresponds to the beam

thickness. The T–R theory for dynamic analyses besides shear dis-
tortion also introduces the effect of rotary inertia. The higher the
vibration mode, the more ‘‘waved’’ is the deflection and therefore
these contributions are becoming significant, as seen by comparing
Eqs. (31) and (32), and Eqs. (51) and (52). For the case study
considered, these differences are plotted in Figs. 6 and 7, up to
the 300th mode, as considered for numerical evaluation.

The decrease in the natural frequency for the 300th mode with
respect to the E–B formulation is 21.4%, while in the 100th mode
only 3.3%. The increase in the modal mass, however, is only
0.87% in the 100th mode and 3.8% in the 300th mode, which for in-
stance for a velocity of 50 m/s indicates only a 0.33% increase in the
maximum displacement.

In beams without elastic foundation, the infinite sum in Eq. (14)
quickly converges (in E–B beams the modal coordinate is propor-
tional to 1/j4), and the first mode has the most significant influence.
When the elastic foundation is considered this is not true: the con-
vergence is slower and the most important mode contribution de-
pends on the load velocity. Nevertheless, close to the critical
velocity, the major contribution is attributed to the 28th mode,
at which, for the case study considered, the differences in frequen-
cies and modal mass are still not important.

By convergence analysis it can be concluded that, for a beam
composed of single sub-domain, this number of modes is unneces-
sarily high (100 modes would be sufficient, the improvement to
300 modes brings only at most 1.5%) but for beam composed of
two sub-domains such a high number is necessary.

Fig. 6. Natural frequencies for the E–B beam (dashed line) and the T–R beam (solid
line).

Fig. 7. Modal mass for the E–B beam (dashed line) and the T–R beam (solid line).
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5. Beam composed of two sub-domains

5.1. Infinite beam

In order to calculate results corresponding to a infinite beam
composed of two sub-domains, the method described in [17] will
be used. The region of interest is specified as a 200 m long beam
window, separated in two equal lengths of 100 m with foundation
stiffness of k1 = 0.25 MN/m2 and k2 = 0.5 MN/m2. Only E–B theory
is considered. Detailed analysis of formulae presented in [17]
confirms that conclusions about resonant and critical velocities
presented in Section 4.3 can be extended to beams with a founda-
tion composed of several sub-domains. A resonant velocity vm,r can
be attributed to each sub-domain according to:

v r;m ¼
Lm

kr;m

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
km;r

Lm

� �4 EI
l
þ km

l

s
ð67Þ

where m represents the sub-domain number and kr;m=Lm, Lm and km

are its wave number, length and stiffness of the elastic foundation.
The critical velocity is attained for the closest wave number to

kcr;m

Lm
¼

ffiffiffiffiffiffi
km

EI
4

r
ð68Þ

in each sub-domain. This critical velocity is an upper approximation
of the critical velocity of the corresponding infinite beam. For the
case study considered, the critical velocities of the corresponding
infinite beam are vE�B

cr;1 ¼ 205:573 m=s and vE�B
cr;2 ¼ 244:47 m=s,

respectively. We recall that in the method described in [17], the ac-
tual total beam length must be much larger. In this paper, the total
length used was 2000 m and 3000 m for sub- and supercritical
velocities, respectively, but this does not affect the conclusions
about critical velocities.

5.2. Finite beam

As indicated in Section 3, the total beam length of 200 m is
separated in two sub-domains of equal length of 100 m and
foundation stiffnesses of k1 = 0.25 MN/m2 and k2 = 0.5 MN/m2,
respectively. The conclusions about critical velocities are the same
as in Section 5.1.

6. Numerical results

6.1. Beam composed of single sub-domain

Analysis of the critical velocity is performed by a parametric
analysis with respect to the velocity. The velocity range considered
is from 50 m/s to 300 m/s. Velocity step is only 0.1 m/s. Such a
small velocity step is necessary in order to represent accurately
the waves reflection from the supports in the case of the finite
beam. In this case, extreme displacement values are determined
from analytical formulas presented in Section 4. Extreme values
are extracted from complete results, that are evaluated at every
0.1 m position and every time step that corresponds to an advance
of the force by 0.1 m. Since all formulas are analytical, it takes less
than 1 s to analyse each velocity case in the Matlab software.
Infinite beam results are calculated according to [24]. Extreme dis-
placement values are extracted analytically, and each velocity case
is practically instantaneous in the Maple software.

Numerical results are presented in form of graphs. Results were
calculated for both E–B as well as T–R beams. There are no visible
differences between these results when the load is travelling on
the beam, therefore only the ones calculated on E–B beams are
shown. For supercritical velocities, slight differences between
results were detected in cases when the load is off the structure.

These are caused by small differences in imaginary parts of wave
numbers that imply slightly different wave length and conse-
quently slightly different instances at which the wave is reflected.

Results summary is presented in Fig. 8 for an undamped case and
in Fig. 9 for the case when global damping of n = 2% is considered.
Results obtained for the damping coefficient c according to
Eq. (63) are not shown because they overlay the previous ones.
n = 2% was chosen because 1–3% damping is considered quite real-
istic value for geomaterials [29]. However, it is necessary to point
out that damping coming from the railpads would be much higher
[21].

In Fig. 8, solid black lines indicate the extreme values while the
load is still on the structure. Let ton = L/v be the time necessary to
overpass the beam at velocity v. Curves designated as ‘‘off_2’’,
‘‘off_4’’ and ‘‘off_8’’ identify the extreme values within the time
interval [ton, 2ton], [2ton, 4ton] and [4ton, 8ton], respectively. Gray
dashed lines report the extreme values of an infinite beam. It can
be concluded from Fig. 6, that: (i) for higher velocities, extreme val-
ues are highly influenced by wave reflection from supports; (ii)
when the load is on the structure, there is only one noticeable peak
for downward displacement at v = 206.2 m/s (which is slightly dif-
ferent from the analytically determined critical value for finite E–B
beam, vE�B

cr;fin ¼ 205:594 m=s) and for upward displacement at
v = 208.0 m/s; extreme values in both cases are achieved in loca-
tions close to the load position when the force is located close to
the right-hand support; (iii) reflected waves imply that higher
extreme values are achieved when the load is already off the struc-
ture. This is valid for downward displacement at supercritical

Fig. 8. Analysis of the critical velocity, finite beam, single foundation sub-domain,
undamped case.

Fig. 9. Analysis of the critical velocity, finite beam, single foundation sub-domain,
damped case.
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velocities and upward displacement at the full range of velocities.
The reason is that reflected waves have downward and upward
displacement of the same order of magnitude; and (iv) the maxi-
mum displacement gradient is lower than for an infinite beam, it
is seen that extreme displacements are very high for velocities
around the critical one, while in the case of an infinite beam, there
is a very steep increase only very close to the critical velocity.

Analysis of the critical velocities is presented in Fig. 9 for the
case of global damping of n = 2%. For the infinite beam, the c-value
was calculated according to Eq. (63).

It is not usual to define different critical velocities for a damped
infinite beam. From the analytical results, the maximum upward
and downward displacements are attained for velocities of
205.7 m/s and 206.6 m/s, respectively. For the finite beam, the
maximum displacements oriented downward and upward are at-
tained for velocities 206.5 m/s and 208.2 m/s, respectively, when
the force is still on the structure. These velocities are higher than
the ones reported in the undamped case, although the critical
velocity stated analytically should be lower. From Fig. 9, it can be
concluded that quite a low level of damping smoothes the curves
of results and decreases all values significantly. But again, reflected
waves imply that higher extreme values are achieved when the
load is already off the structure. This is valid for downward dis-
placement at supercritical velocities and upward displacement at
the full range of velocities.

Next two Figs. 10 and 11 exemplify the creation of the reflected
wave when v = 205 m/s.

In the legend of both figures, the number after ‘‘eqv’’ identifies a
fictitious length beyond the right-hand support that the force
would have travelled off the structure, which according to the load
velocity means that the wave is recorded at 0.0049 s, 0.2439 s and
0.4878 s, respectively, after the load has left the beam. It is seen
that the highest reflected wave amplitudes occur just after the
force leaves the structure. In the damped case, these values are sig-
nificantly reduced until the new wave reaches the left-hand sup-
port. It is seen that the reflected wave has generally the same
amplitude oriented downward as upward. This aggravates its neg-
ative effect, because the structure is usually designed to resist the
displacement field (and the related stress and strain fields) in
accordance with the direction of the applied load.

6.2. Beams composed of two sub-domains

In this case, the analysis of critical velocity is also performed by
a parametric analysis with respect to the velocity. The velocity
range considered is from 50 m/s to 300 m/s. Velocity step is only
0.1 m/s. Displacement values are determined by evaluation analyt-
ical formulas reviewed in [17]. Natural frequencies are determined
numerically. Extreme displacement values are extracted from
complete results that are evaluated at every 1 m. The reason for
this rougher scale is the computational time. Due to the high num-
ber of modes necessary, significant part of calculation must be exe-
cuted in Maple software with an increased number of digits
precision. This significantly slows down the evaluation. It takes
around 15 min to analyse one velocity case in infinite beam and
around 3 min in finite beam. It must be stressed that calculations
can be done simultaneously. In both cases both software Maple
and Matlab are combined together.

Results are presented for infinite and finite beams composed of
two sub-domains. For the sake of comparison, results of two infi-
nite beams composed of single sub-domain of elastic foundations
k1 = 0.25 MN/m2 and k2 = 0.5 MN/m2 are also included in order to
better compare the predicted critical velocities, that are vE�B

cr;1 ¼
205:573 m=s and vE�B

cr;2 ¼ 244:47 m=s according to Eq. (1).
Summary of the results is presented in Figs. 12 and 13 for the un-
damped case and in Figs. 14 and 15 for the damped one on the
infinite beam, and in Figs. 16 and 17 for the undamped case and
in Figs. 18 and 19 for the damped one on the finite beam. In each
case, results are separated in two figures and four double curves
according to the load position and according to the position of
the extreme displacement, because it is important to see the effect
of the transition radiation that occurs after crossing the sub-
domains common point.

Fig. 10. Creation of the reflected wave, finite beam, single foundation sub-domain,
v = 205 m/s, undamped case.

Fig. 11. Creation of the reflected wave, finite beam, single foundation sub-domain,
v = 205 m/s, damped case.

Fig. 12. Analysis of the critical velocity, infinite beam, two sub-domains, undamped
case, load position in sub-domain 1.
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In the following, results related to infinite beams are presented.
There are no reflected waves perturbing the results, as expected.
Therefore, the influence of the transition radiation can be analysed
better than in the finite beam cases.

As already mentioned, extreme values are recorded separately
in each sub-domain, specified in the figures legend ‘‘sub1’’ and
‘‘sub2’’. However, when the extreme value is achieved in the

common position, it will be attributed to both sub-domains. Ex-
treme values in the same sub-domain as the load position are rep-
resented by solid black lines, the other extreme values are
designated by short-dashed lines. Extreme values of two distinct
infinite beams are given by gray long-dashed lines.

When the force travels over sub-domain 1, extreme values in
sub-domain 1 practically follow the results of the first infinite sin-
gle beam. Extreme values in sub-domain 2 have a similar tendency,
but are lower.

When the force traverses the second sub-domain, the tendency
of the first infinite single beam is again followed, only in an aug-
mented version due to the transition radiation. The second critical
velocity is hardly noticeable. Contrary to what happens in the finite
beam, infinite displacements are attained.

Global damping of n = 2% is used for results presented in Fig. 15.
Results are similar to the undamped case, but the displacement
values are considerably lower, and infinite displacements are not
attained.

Figs. 16–19 pertain to the results obtained in finite beams. The
same legend scheme as before is used. When the force is still over
the softer sub-domain, the harder region already exhibits the crit-
ical velocity of the softer sub-domain. When the force is already
passing over the harder region, both critical velocities are clearly
marked there. Thus, the harder sub-domain that has a higher
critical velocity ‘‘gains’’ another displacement peak that corre-
sponds to the critical velocity of the softer sub-domain.

Fig. 13. Analysis of the critical velocity, infinite beam, two sub-domains, undamped
case, load position in sub-domain 2.

Fig. 14. Analysis of the critical velocity, infinite beam, two sub-domains, damped
case, load position in sub-domain 1.

Fig. 15. Analysis of the critical velocity, infinite beam, two sub-domains, damped
case, load position in sub-domain 2.

Fig. 16. Analysis of the critical velocity, finite beam, two sub-domains, undamped
case, load position in sub-domain 1.

Fig. 17. Analysis of the critical velocity, finite beam, two sub-domains, undamped
case, load position in sub-domain 2.
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It can be concluded by comparison of Figs. 16 and 17, that ex-
treme values in sub-domain 1 are higher when the load is travel-
ling over sub-domain 2 than when it is travelling over sub-
domain 1.

Analogous conclusions can be drawn in the damped case. The
same legend scheme as before is used, the only difference being
that displacements are significantly lower.

The main difference between the finite beam and the infinite
beam is seen when comparing this last Fig. 19 with Fig. 15. For
the infinite beam, in the damped case, it looks like the harder re-
gion looses its critical velocity. In both Figs. 14 and 15, only the
lower critical velocity is marked in both sub-domains. This means
that the influence of the transition radiation is so strong that it
takes some time until the wave is stabilized into its quasi-steady
form over the stronger region. This stabilization occurs already
outside the region of interest.

From all Figs. 13, 14, 17 and 19, i.e. from the ones that are re-
lated to the load passage over the harder sub-domain, it is seen
that when extreme displacements are reached they have practi-
cally the same value in the downward as well as upward direction.

7. Conclusions

In this paper, the analysis of the critical velocity of a load mov-
ing uniformly along a beam on a visco-elastic foundation was pre-
sented. The critical velocity is defined as the load velocity inducing
the beam highest deflections directed downward and/or upward.

The study was carried out through a parametric analysis which
aimed to obtain the highest displacements attained in the beam
as a function of the load velocity. Both finite and infinite beams
were considered, as were foundations composed of one or two
sub-domains, and the presence or absence of damping was also ac-
counted for. The analysis was not focused exclusively in the time
span the load takes to traverse the beam, but also registered the
displacements due to the free vibrations after the load is off the
beam. The case study addressed is of interest to high-speed railway
lines, particularly for abrupt changes in the foundation stiffness.

Among the developments presented in this paper, new formula-
tions are given for: (i) the first order state-space form of T–R beam;
and (ii) for the relation between the viscous damping constant and
the modal damping ratio assuring the same level of damping in
lightly damped finite beam structures.

Small differences between the analytically predicted critical
velocities and the velocities that lead to numerically extreme val-
ues were observed. However, since these differences range around
1% or less, the analytical expressions can still be regarded as suit-
able predictions of the critical velocity.

It was shown that results obtained on a finite beam on soft vis-
co-elastic foundation cannot be interchanged with results obtained
on a corresponding infinite beam. In infinite beams, extreme dis-
placements as a function of the velocity only exhibit a sharp in-
crease for values very close to the critical velocity. In finite
beams, extreme displacement increase more gradually and the ef-
fect of reflections from supports is non-negligible.

In finite beams composed of one sub-domain, extreme values
are achieved in locations close to the load position when the force
is located close to the right-hand support. In addition, reflected
waves imply that higher extreme values are achieved when the
load is already off the structure. This is valid for downward dis-
placement at supercritical velocities and upward displacement at
the full range of velocities. The reason is that reflected waves have
downward and upward displacement of the same order of magni-
tude. Even a low level of damping is enough to smooth the result-
ing extreme displacements curves and significantly decreases all
values.

In finite beams composed of two sub-domains, when the force
passes over the softer sub-domain, the harder region already
exhibits augmented displacements for the critical velocity of the
softer sub-domain. When the force is passing over the harder re-
gion, both critical velocities are clearly marked due to the transi-
tion radiation. Thus, the harder sub-domain, that has a higher
critical velocity, ‘‘gains’’ another displacement peak that corre-
sponds to the critical velocity of the softer sub-domain. It was also
observed that extreme values in the first sub-domain are higher
when the force was travelling over the second sub-domain than
when it was travelling over the first sub-domain.

In the Figures that represent the load passage over the harder
sub-domain (Figs. 13, 15, 17 and 19), it is seen that, when extreme
displacements are reached, they have practically the same value in
the downward as well as the upward direction, which confirms
that these extreme displacements are the result of transition
radiation.

The results obtained can have direct application on the analysis
of railway track vibrations induced by high-speed trains when
crossing regions with significantly different foundation stiffness.
The critical velocities determined for the case study considered
are still unattainable by nowadays trains, but the results presented
in this paper have practical importance because they show values
of extreme displacements as a function of velocity. This type of
analysis can be used to identify augmented displacements directed
upward, that aggravate track deterioration. These occurrences
should be avoided in railway applications, because the structure
is usually designed to resist the displacement field (and the related

Fig. 18. Analysis of the critical velocity, finite beam, two sub-domains, damped
case, load position in sub-domain 1.

Fig. 19. Analysis of the critical velocity, finite beam, two sub-domains, damped
case, load position in sub-domain 2.
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stress and strain field) in accordance with the direction of the ap-
plied load, i.e. downward.
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