On the Operator and Essential Norms of Fourier
Convolution Operators and Wiener-Hopf
Operators with the Same Symbol

Oleksiy Karlovych and Marcio Valente

Abstract Let Q € {R;,R}, 1 < p < 00,1 < g < o0, and @ be a Young’s function
satisfying the (d2, Az)-condition and lim,_,¢+ (DECX) = 0. Suppose X (L) is the Lorentz
space LP9(Q) or the Orlicz space L® (). We show that if a is a Fourier multiplier
on X(R), W%a) is the corresponding Fourier convolution operator on X(R), and
W (a) is the corresponding Wiener-Hopf operator on X (R,), then the operator and
essential norms of W°(a) on X(R) and of W(a) on X(R,) are all the same.

1 Introduction and main result

For a Banach space X, let 8(X) denote the Banach algebra of all bounded linear
operators on X and K(X) denote set of all compact linear operators on X. The
operator norm of an operator A € B(X) is denoted by ||A||g(x) and its essential
norm is defined by

A = inf A+K .
IAll8(x),e KEI,]I}(X)H lsx)

For f € L'(R), let F f denote the Fourier transform

(Ff)(&) = /R F)e*E dr, £eR.
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If f € L'(R) N L*(R), then Ff € L*(R) and ||F fll;2r) = V27|l fllz2(x)- Since
L'(R)NL*(R) is dense in L*(R), the operator F extends to a bounded linear operator
of L?(R) onto L?(R), which will also be denoted by F. The inverse of F is given by
(F'f)(x) = 2n)"Y(Ff)(=x) fora.e. x € R.

Let X(R) be a Banach function space and X’(R) be its associate space - their
technical definitions will be postponed to Section The class of all Banach
function spaces is very broad: it includes Lebesgue spaces, Orlicz spaces, Lorentz
spaces, and variable Lebesgue spaces. For our purposes, the separability of X (R)
will be necessary so that L>(R) N X (R) is dense in X (R) (see, e.g., [6, Lemma 2.2]).

Let X(R) be a separable Banach function space. A function a € L*(R) is called
a Fourier multiplier on X (R) if the operator

Woa)f =F (a-Ff),

maps L?(R) N X(R) into X(R) and extends to a bounded linear operator on X (R).
The operator W°(a) is called Fourier convolution operator and the function a will
also be referred to as the symbol of W°(a). The set My of all Fourier multipliers on
X (R) is a unital normed algebra under pointwise operations and the norm

lall v = W (@]l g x ey, -
Recall that the Hardy-Littlewood maximal function M f of a function f € LllOc (R)
is defined by
M) =swp = [ 10
1ax 1 Jr

where the supremum is taken over all bounded intervals 7 C R that contain x and
| 7| denotes the length of 7. The Hardy-Littlewood maximal operator M is defined
by the rule f +— M f.If M is bounded on a separable Banach function space X (R) or
on its associate space X’(R), then My is a Banach algebra (see [6, Corollary 2.4]).

Let Q € {R,,R}. In this paper, we will consider one of the following Banach
function spaces: a Lorentz space LP-9(Q) with 1 < p < o and 1 < ¢ < o or an
Orlicz space L®(Q) with the Young’s function @ satisfying the (82, A)-condition
and

. D(x)
lim =
x—0" X

We refer to [l1, Chap. 4], [[11, Chap. IT], [12} Chaps. 4 and 8] and also to Sections|2.4
and[2.5] for the definitions and basic properties of these Banach function spaces.

Consider the restriction operator r, from X (R) into X (R, ), along with the zero
extension operator £, from X(R,) into X(R). Given a € My, the Wiener-Hopf
operator with symbol a is defined by the formula

0. ey

W(a) := ry,W'(a)t,.

The aim of this paper is to extend basic equalities for the operator and essential
norms of the operators W°(a) and W(a) known for the case of Lebesgue spaces
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LP(Q) (see [2 Section 9.5(a)—(b)] and [5, Proposition 2.2]) to the setting of Lorentz
and Orlicz spaces.
Our main result is the following.

Theorem 1 Ler Q € {R,R}, 1 < p < o0, 1 < g < oo, and ® be a Young’s
function satisfying the (52, Az)-condition and (). Suppose X(Q) is the Lorentz
space LP+9(Q) or the Orlicz space L®(Q). For every a € My, we have

“WO(a)”B(X(R)) = W@ llsx®,)) = ”Wo(a)”B(X(R)),e = IW(@)llsx®,)).e-

The paper is organized as follows. In Section we recall definitions of
rearrangement-invariant Banach function spaces and their Boyd indices. Further,
we give definitions and recall some properties of Lorentz spaces and Orlicz spaces,
being the most prominent examples of rearrangement-invariant Banach function
spaces. In Section [3] we recall the notion of limit operators and compute the limit
operators of multiplication by the characteristic function of R, and of compact op-
erators on rearrangement-invariant Banach function spaces. Armed with the results
of Section [3}we prove Theorem I]in Section ] following some ideas borrowed from
the monographs by Duduchava [3]] and Boéttcher and Silbermann [2]].

2 Preliminaries
2.1 Banach function spaces

Let Ry := (0,00) and Q € {R,,R}. The set of all Lebesgue measurable extended
complex-valued functions on Q is denoted by M (). The subset of functions in
P (Q) whose values lie in [0, oo] will be denoted as M+ (Q). The Lebesgue measure
of a measurable set E C Q is denoted by |E| and its characteristic function by yg.
Following [1} Chap. 1, Definition 1.1], a mapping p : M* () — [0, =], is called a
Banach function norm if, for all f, g, f, € M*(Q), n € N, for all constants ¢ > 0,
and for all measurable subsets E of Q, the following properties hold:

(A1) p(f) =0 & f=0ae, plcf)=cp(f), p(f+8)<p(f)+p(8):
(A2) 0<g< fae = p(g) < p(f) (lattice or ideal property);

(A3) 0< fu 1T fae = p(fu) T p(f) (Fatou property);
(A4) |E| <0 = p(xE) < o0

(45) |E] <o = /E F(x) dx < Cp(f)

for some constant C = C(E, p) € (0, ) depending on E and p but independent
of f. Identifying functions that only differ on a set of measure zero, one defines a
Banach function space as
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X(Q) ={f € M(Q) : p(If]) < oo}.
For each f € X(Q), the norm of f is defined by

1flx @ = pUfD-

Under the natural linear space operations, (X (€2), || - ||x(@)) becomes a Banach space
(see [1} Chap. 1, Theorems 1.4 and 1.6]). If p is a Banach function norm, its associate
norm p’ is defined on M+ (Q) by

p'(g) :=sup {/9 fX)gx)dx: f e M (Q), p(f) < 1}, g € M (Q).

By [[I} Chap. 1, Theorem 2.2], p’ is itself a Banach function norm. The Banach
function space X’ (Q) determined by p’ is called the associate space of X (€2).

2.2 Rearrangement-invariant Banach function spaces

Let Q € {R;,R}. Let Mo (€2) and M (L) be the classes of a.e. finite functions in
M () and M*(Q), respectively. The distribution function s of f € Mo (L) is
given by

() =[{xeQ:|f(x)|>A}], 1=0.

Two functions f, g € Mo (L) are said to be equimeasurable if yr = ug. The non-
increasing rearrangement of f € M (€2) is the function defined by

ff@)=inf{1>0:pup(2) <t}, 120,

where we use the standard convention that inf () = +co.

A Banach function norm p : M (Q) — [0, o] is called rearrangement-invariant
if for every pair of equimeasurable functions f, g € M (L) we have p(f) = p(g).
In this case, the Banach function space generated by p is said to be rearrangement-
invariant.

2.3 Boyd indices

Let Q € {R,,R} and let X(Q) be a rearrangement-invariant Banach function space
generated by a rearrangement-invariant Banach function norm p. By [1, Chap. 2,
Theorem 4.10], there is a unique rearrangement-invariant Banach function norm p
over the half-line R, equipped with the Lebesgue measure, defined by

p(h) = sup {/R+ g (" (t)dt: g € M'(R), p'(g) < 1}, h € MG(Ry),
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and such that p(f) = p(f™) forall f € M (R). The rearrangement-invariant Banach

function space generated by p is denoted by X (R,).
For each ¢t > 0, let D, denote the dilation operator defined on Mt (R,) as

(D1 f)(x) = f(1x), x €R,.

With X(Q) and X (R,) as above, let sx(7) denote the operator norm of D /¢ as an
operator on X (R,). By [l Chap. 3, Proposition 5.11], for each ¢ > 0, the operator
D, is bounded on X (R,) and the function Ay is increasing and submultiplicative on
(0, ).
The Boyd indices of X () are the numbers ax and Bx defined by
In hx (1) In hx (1)

ax = su X x ;= inf
O<tI<)1 In? IB l<t<oo In¢

@)

By [l Chap. 3, Proposition 5.13],
O<ax <Bx <l

The following result is a consequence of [1, Chap. 3, Proposition 5.13, Theo-
rem 5.17].

Theorem 2 Let X(R) be a rearrangement-invariant Banach function space and
X’ (R) be its associate space.

(a) The operator M is bounded on X (R) if and only if Bx < 1.
(b) The operator M is bounded on X' (R) if and only if 0 < ax.

2.4 Lorentz spaces

Let Q € {R,R}. For 0 < p,q < oo, the Lorentz space LP-9(€) consists of all
functions f € Miy(Q) such that the quantity

® dr\'4
( / (t”’”f”‘*(t))"—) , 0<g<o,
1 fllLra) = 0 !
sup t'/P (1), g = o,
t>0

is finite, where .
1
() = ;/ ff(s)ds, t>0.
0

According to [1, Chap. 4, Theorem 4.6],if 1 < p < c0oand 1 < g < oo, then
(LP-4(Q), | - llLr-a(q)) is a rearrangement-invariant Banach function space, with
Boyd indices

apr.a = PBrra = p_l
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By [[1l Chap 4, Theorem 4.7], the associate space of LP-7(Q) is, up to equivalence
of norms, the Lorentz space LP"9' (Q), where 1/p+1/p’ =1/g+1/q’ = 1.

These observations and Theorem [2] imply that if 1 < p < coand 1 < g < oo,
then the Hardy-Littlewood maximal operator M is bounded on the Lorentz space
LP-9(R) and on its associate space.

By [} Chap. 4, Corollary 4.8] (see also [12] Corollary 8.5.4]), the space LP9(€2)
is separable provided 1 < p < oo and 1 < g < co. As a result of this, it follows
that LP-9(Q) is reflexive if 1 < p, g < oo (see [12] Corollary 8.5.5]). Note that both
Corollaries 8.5.4 and 8.5.5 in [12] contain the incorrect condition 1 < g < oo, which
should be replaced by 1 < g < coand 1 < ¢g < oo, respectively.

Combining the above observations with Theorem [2| and [6, Corollary 2.4], we
arrive at the following.

Lemmal If1 <p <ocoand1 < g < oo, then Mpr.a is a Banach algebra.

2.5 Orlicz spaces

Following [[1, Chap. 4, Section 8] and [[11, Chap. II, Section I], let ¢ : [0, 0) —
[0, oo] be increasing and left-continuous with ¢(0) = 0. Suppose that ¢ is neither
identically zero nor identically infinite on (0, o0). Let ¢ denote the left continuous
inverse of ¢ defined by

Y(@) =inf{u >0:¢m) >v}, v=0.

The function ¢ has the same properties as ¢: itis increasing, left-continuous, vanishes
at the origin, and is neither identically zero nor identically infinite on (0, o). It is
easy to verify that ¢ is the left-continuous inverse of i:

o(u)=inf{v > 0: ¥ (v) >u}, u=>0.

The functions
u v
D(u) = / w(t)dt, u=>0, Y(v) :=/ y(t)ydt, v=0,
0 0

are called complementary Young’s functions.
Let Q € {R,,R}. For a Young’s function ®, the Orlicz space L®(Q) consists of
all functions f € My (L) such that

|/ ()l
L@(T)dx < 00,

for some A = A(f) > 0. By [I Chap. 4, Theorem 8.9], the space L®(Q) endowed
with the norm
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1) = inf{/l -0 /gZCD(UEl—x)')dx < 1},

is a rearrangement-invariant Banach function space. By [, Chap. 4, Theorem 8.14,
Corollary 8.15], the associate space of L®(Q) is, up to equivalence of norms, the
Orlicz space LY (Q). More precisely,

llgllr @) < llgllzey @) <2llgllirw), &€ L¥(Q).
Let ®~! be the right-continuous inverse of ® defined by
O (1) i=sup{s 2 0: D(s) <1}, ¢>0.

Then |
O (s)
hpo(t) = sup ————, t€(0,00) (3)
ET o) @71 (s/0)
(see [3, Theorems 5.3 and 5.5] and also [4, Theorem], [1, Chap. 4, Theorem 8.18]).
Note that we use the definition hyo (£) = [ D1/ || B(IP(R,)) adapted in [1, Chaps. 3-4],
on the other, hand D, is used instead of D, in [3,4].

The function % o has the same form for L®(R) and L®(R,). Therefore the Boyd
indices of L?(R) and of L®(R,) are the same and are defined by (2)) with /1; » given
by (@3).

Following [11} Chap. II, Section 1, Definition 3], a Young’s function @ is said to
satisfy the (87, Az)-condition if there is a constant m € (0, co) such that ®(2u) <
m®(u) for all u € (0, ).

The following statement is well-known.

Lemma 2 Let Q € {R,,R} let ® be a Young’s function. The following statements
are equivalent:

(a) the Orlicz space L®(Q) is separable;
(b) @ satisfies the (6,2, Ap)-condition;
(C) 0< ayo.

Proof. (a) & (b) was proved in [L1, Chap. II, Section 3, Theorem 5]. (b) & (c)
follows from [3, Lemmas 3.5-3.6 and 5.9]. a

As a consequence of Theorem [2] Lemma [2] and [6, Corollary 2.4], we get the
following.

Lemma 3 [f @ is a Young’s function satisfying the (52, Ay)-condition, then Mo is
a Banach algebra.
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3 Limit operators
3.1 Definitions and elementary properties

Let X be a Banach space. A sequence (T,,)nen in B(X) is said to converge strongly
to some operator T if for every x € X,

lim ||T,,x — Tx||x = 0.
n—oo

In this case, we write 7,, — T and we refer to the operator T as the strong limit of
the sequence (7},)nen Which we will denote by

T :=s-imT7,.

n—oo

Let X be a Banach space, T € B(X) and U = (Up)nen be a sequence of
isometries on X. If the sequence (U,, ! TU,,),c converges strongly to some operator,
then we define

(Mg = i—ll)gl U;lTUn,

which will be referred to as the limit operator of 7" with respect to U.
Let us mention elementary properties of limit operators.

Proposition 1 ([10, Proposition 3.4], [13, Proposition 1.2.2]) Let X be a Banach
space and U = (Uy)pen be a sequence of isometries on X.

(i) ForallT € B(X), if (T)q exists, then
(D ullsx) < ITllsx)-

(ii) ForallT,S € B(X) and a € C, if (T)q and (S)q; exist, then

T+S)yu=D)u+ Sy, @Ny=al)y, TSu=DuS)u.

3.2 Limit operators of the operator of multiplication by the
characteristic function of the positive half-line

Let X(R) be a rearrangement-invariant Banach function space. For f € X(R) and
h € R, consider the translation operator 7}, defined by

(Tnf)(x) :== f(x + h), x €R. 4)

Since the functions f and T}, f are equimeasurable, the translation operator 7}, is an
isometry on X (R).
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Lemma 4 Let X(R) be a separable rearrangement-invariant Banach function space.
Consider a sequence (hp)pen in R and T = (Ty, )nen. If hy — —o0 asn — oo, then
the limit operator of xr, I with respect to T is equal to I.

Proof. Let f € CZ(R). Forall g € X'(R) with ||gl|x/) < 1, we have
S (v, =1) £ 0] e = [ o, xe. 0 = 1] 1700

< e = o g ) [ 0
< “T_hn,\/]R+ - 1||L°°(suppf) “fHX”(R)’

from which we conclude that

e 1)1

X"(R) T_h ARy 1||L°°(5uppf) ||f||X”(R)

Employing the Lorentz-Luxemburg theorem (see [1, Chap. 1, Theorem 2.7]), it
follows that

H( hn /\/RJrITh - I) f“ T ho XRy — 1||L°°(§uppf) ”f”X(]R)

(R)

Observe that for all n € N,

||T—h AR, — IHL‘”(%LIppf) “XR+ 1||L°°(suppf )

The hypothesis that /,, — —oo implies that there exists some N € N such that for all
n>N, o
supp f — hy € Ry,

and hence || xr, — H|z>(supp f~h,) = 0. Therefore, for alln > N,

(7173 - 1) ]

X(R)

This establishes that

'}E&H( hin e, T, _I) fHX(R) 0

for every f € C2°(R). On account of [7, Lemma 2.12(i)], the separability of X (R)
implies that the set C.°(R) is dense in X (R). Combining this with what we have just
proved, [14, Lemma 1.4.1] yields that

l1m(h Yo ITh, —1)=o

Vl—>00

i.e., ()(R+I)7'=I. O
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3.3 Limit operators of a compact operator

Let X (R) be a rearrangement-invariant Banach function space. following [1}, Chap. 2,
Definition 5.1], for each finite value of ¢ > 0, let £ be a measurable subset of R of
measure ¢ and let

ex(1) = llxellxw), t=0.

The function so defined is called the fundamental function of X (R).
The following lemma is a one-dimensional version of [8, Lemma 7].

Lemma 5 Let X (R) be a separable rearrangement-invariant Banach function space
such that px(t)/t — 0 ast — oo. Consider a sequence (hy)nen in R and T :=
(T, Jnen- If K is a compact operator on X (R) and h,, — *oco as n — oo, then the
limit operator of K with respect to T is equal to the zero operator.

Let us specify the above result to the case of Lorentz and Orlicz spaces.

Corollary 1 Let 1 < p < 0o, 1 < g < o0 and let @ be a Young’s function satisfying
the (62, Az)-condition and (1). Suppose X (R) is the Lorentz space LP*9(R) or the
Orlicz space L®(R). Consider a sequence (hy)nex in R and T := (Tp, Jnen. If K is
a compact operator on X (R) and h,, — +co as n — oo, then the limit operator of K
with respect to T is equal to the zero operator.

Proof. It is well-known that @7 p.q(f) = t'/7 (see, e.g., [12, Proposition 8.4.1]).
Hence
a(t
lim 22200 i et g
t—00 t t—o00
So, the hypotheses of Lemma [5] are satisfied for X (R) = LP-4(R).
By [1} Chap. 4, Lemma 8.17], the fundamental function of L®(R) is given by

0<t<oo.

1
pre(t) = m,

It follows from the (d,, A;)-condition that ®(u) € (0, o) for all u € (0, o0). Then
® is continuous and strictly increasing on [0, o). Hence x = ®~!(s) if and only if
s = ®(x) for s € (0, ) (see [1 Chap. 4, formulas (8.26)—(8.27)]). Therefore

limwz 'm;= limLz im qD(x):O.

t—oo t t—oo t(l)_l(l/t) s—0+ d)_l(s) x—0" X

Thus, the hypotheses of Lemma |5| are satisfied for X(R) = L®(R). It remains to
apply Lemma 5] |
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4 Proof of the main result

4.1 Equality of the operator and essential norms of the Fourier
convolution operator

In this section, we prove the main result (Theorem|[T)). The proof is divided into three
steps. The first step is to establish the equality of the operator and the essential norms
of the Fourier convolution operator W°(a). Since W(a) is a translation-invariant
operator, the desired result follows from a more general result obtained recently by
the first author and Shargorodsky [9].

Theorem 3 Let 1 < p < o0, 1 < g < oo and let ® be a Young’s function satisfying
the (82, Ay)-condition. Suppose X (R) is the Lorentz space LP9(R) or the Orlicz
space L*(R). If a € My, then

Iw? =[W(a)

(a)“B(X(R)),e B(X(R)) *

Proof. Tt follows from [[I, Chap. 1, Corollary 5.6 and Theorem 3.11] that if X(R) is
separable, then the set of all simple compactly supported functions is dense in X (R).
Since the operator W°(a) € B(X(R)) is translation-invariant and the space X (R) is
rearrangement-invariant, and hence, translation-invariant, the desired result follows
from [9, Theorem 5.1]. O

4.2 Equality of the operator norms of the Wiener-Hopf operator and
the Fourier convolution operator

The second step is to prove the equality of operator norms of the Fourier convolution
operator W(a) and the Wiener-Hopf operator W (a) with the same symbol following
the idea by Duduchava [3].

Theorem 4 Let1 < p < 00,1 < g < coandlet ® be a Young’s function satisfying the
(82, Ap)-condition. Suppose Q € {R,,R} and X (Q) is the Lorentz space LP-9(Q)
or the Orlicz space L®(Q). For all a € My, the operator norms of the Fourier
convolution operator WO (a) and the Wiener-Hopf operator W (a) coincide:

IW(@)lsx)) = [W@llgxm)) -

Proof. The proof follows the argument presented in [5, Proposition 2.2]. Fix a €
Mx. By exploiting the submultiplicative property of the operator norm, we find that

IW(a)llsxwr)) < rellsxe),x®,)) ||W0(a)||B(X(R)) 1€ ll 8 (x (ry) . x(R))
< |W°(a)

B(X(R)) - )
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The proof of the reverse inequality is more involved. First of all, observe that
the product of the operator of extension by zero £, and the restriction operator r is
nothing but the operator of multiplication by the characteristic function of R;:

€+r+ = M()(]R+).

Fix € > 0. Since the underlying rearrangement-invariant Banach function space
X (R) is separable, 7, Lemma 2.12(a)] yields that the subspace C°(R) is dense in
X (R). As a consequence of this, we have

IW®(a)

_ 0
BXR)) — fESC‘Lp(R) ”W (a)f“X(R) :
1f lIxry=1

Given this characterization, the notion of supremum assures the existence of some
f € CZ(R) with || fllx(r) = 1 such that

&

”Wo(a)f“x(]g) > ”Wo(a)”B(X(R)) T

The fact that f has compact support implies that there exists some R > 0 such that
supp f C [—R, R]. With this in mind, consider the family of functions defined by

fn =1 f

for each & < 0, where the translation operator T}, is defined by @). It is clear that if
h < —R, we have suppTj, f C R4,

| fullxy) = Ifllxw) =1,

and

W (@) fillxe.) = 16W(@) fllx@) = [ W@ Tif ||y s,
= M O )W (@M O )T fly g = 1M )W (@Ti f | s
= ||M(XR+)ThW0(a)f||X(R) = ||M(XR++h)W0(a)f“X(R)
= [M xr.))W(@) I ) = o) - WO @) | sy -
Since X (R) is separable, it follows from [[I, Chap. 1, Corollary 5.6] and [1, Chap. 1,

Proposition 3.6] that the Lebesgue dominated convergence theorem is true in X (R).
Therefore

Jim o) - WO@)f = W@ | z) =0,

and hence
Jim ooy - WO@) flly ey = [IW2 (@) flly e -

As a consequence of this, for sufficiently large —/, we have
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o) - W@ fllyzy > W@ Fllg ey~ ;

Putting everything together, we get

IW (@)l 8x)) = IW(@) fullx@) = lxine - W@ flixw
0 d 0
> W@ e = 5 > W@l ey — &

Finally, since € > 0 was considered arbitrary, we arrive at the conclusion that

IW(@)llgxr,)) = |[W(a)

B(X(R))’

which, combined with (E]), proves the result. O

4.3 Equality of the essential norms of the Fourier convolution operator
and the Wiener-Hopf operator

The final step of the proof Theorem |1 consists in establishing the equality of the
essential norms of the Fourier convolution operator W°(a) and the Wiener-Hopf
operator W (a) with the same symbol.

Theorem 5 Let Q € {R,,R}, 1 < p < oo, 1 < g < oo, and ® be a Young’s
function satisfying the (82, Az)-condition and (I). Suppose X(Q) is the Lorentz
space LP-1(Q) or the Orlicz space L*(Q). For all a € My, the essential norms
of the Fourier convolution operator W(a) and the Wiener-Hopf operator W(a)
coincide:

IW@llsxee = W@ gxe) e (©)

Proof. Fix a € Mx. By Theorems [3|and 4] it follows that

IW(a)llgx®.)),e = IW(a) +K|lgx®,)) < IWDlsxwr,))

inf
KeK(X(Ry))
- W ca)

B(X(R)) — HWO(a)”B(X(R)),e' ™

The proof of the reverse inequality is based on the argument presented in [2, Propo-
sition 4.1]. Let us start by noting that for all K € K(X(R,)),

IW(a) +Kllgx®,)) = sup [(W(a)+K)fllxr,)
feX(Ry)
1fllx e <1

= sup |[[&G(W(a)+K)fllxw)
feX(Ry)
1f lx(zey <1

= sup  [lG(W(a) + K)r+fllxw)
fEX(R)
I fllx (re) <1
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sup  [|[&(W(a) + K)rs fllxw)
feX(R)
1 llx ) <1

I+ (W (a) + K)rillg(x(r))>

because |74 || g(x(r),x(r,)) < 1. Taking into account that £,r, = M (xr,), the above
inequality becomes

IW(a) + Kllgxr,)) = |MOr,) WP ()M (xr,) + €Ky

B(X(R)) ®)

It is clear that since K € K'(X(R.)), we have £,Kr, € K(X(R)). With this in mind,
consider the sequence of translation operators 7~ := (T}, )nen defined by

(Tn, f)(x) = f(x+hy),  neN,

where (h,)nen is any sequence of real numbers satisfying h, — —oo0 as n — oo.
Lemmald]yields that

s-lim T—hnM(XR+)Th,, =1.

n—oo

By Corollary [T} we have

s-lim Tfh,,€+Kr+Thn =0.

n—oo

On account of the above remarks, Proposition ii), and the fact WO(a) is translation-
invariant, we conclude that

s-im Ty, (MOre W (@M (xe,) + €K ) Th,
= s-lim [ (T_p, M (e ) Ti,,) WO(@) (T, M (8 )Th,) + T, €K7, T, |
=W'a).

Consequently, Proposition [I[i) yields that
1M e )W (@M () + CKre]| g )
> [[(M oW @M (s + k)

= [|W*(a)

THB(X(R))

BX(R) - ©)
Combining (8) and (9)), we arrive at

W (@) + Kllsxr) 2 [IW (@] g x sy, -
for any K € K'(X(R.)), and thus

W@l sx@)).e 2 ||W0(a)||B(X(R)) = HWO(")”B(X(R)),e (10)
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(see Theorem 3). Finally, inequalities (7) and (I0) imply equality (6). |

Theorem [T] follows immediately from Theorems [3H3]
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