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ABSTRACT. We say that an operator between Banach spaces is maxi-
mally noncompact if its operator norm coincides with its Hausdorff mea-
sure of noncompactness. We prove that a translation-invariant operator
acting from a translation-invariant Banach sequence space X (Zd) to a
translation-invariant Banach sequence space Y (Z%) is maximally non-
compact whenever the target space Y (Z¢) satisfies mild additional con-
ditions. As a consequence, we show that the discrete Riesz transforms
R;, j = 1,...,d on rearrangement-invariant Banach sequence spaces
with non-trivial Boyd indices are maximally noncompact. We also ob-
serve that the same results are valid for translation-invariant operators
between translation-invariant Banach function spaces X (R?) and Y (R%).

1. INTRODUCTION

For Banach spaces E,F, let B(E,F) and I(E,F) denote the sets of
bounded linear and compact linear operators from E to F', respectively.
We will abbreviate B(E) := B(E, E) and K(F) := K(E, E). The norm of
an operator A € B(E, F) is denoted by ||Al|gg,r). The essential norm of
A € B(E, F) is defined by

1Al 8(E,F).c = M{[[A = Klgpr) : K € K(E,F)}.

For a bounded subset 2 of the space F, we denote by x(€2) the greatest
lower bound of the set of numbers 7 such that €2 can be covered by a finite
family of open balls of radius r. For A € B(E, F), set

1AllB(E,r),x == X (A(Bg)),
where Bp denotes the closed unit ball in £. The quantity [|Allgg,r),, is
called the (Hausdorff) measure of non-compactness of the operator A. It

follows from the definition of the essential norm and [27, inequality (3.29)]
that for every A € B(E, F') one has

(1.1) 1AllBE,r . < IAlBEF) . < [1AlBEF)-
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We refer to the monographs [1, 6, 10] for the general theory of measures of
non-compactness. We will say that an operator A € B(E, F') is maximally
noncompact if ||Allg g7y = |AllBE,F) e = |1AlBE,F)-

For h € Z%, let V}, denote the shift (translation) operator

(1.2) (Vif)(2) = f(z —h), =€z

Let X = X(Z%), Y = Y(Z%) be Banach sequence spaces (see [11, Ch. 1]
or Section 2 below for the definition of this notion). One says that the
space X (Z9) is translation-invariant if ||V, f|lx = ||fllx for all f € X(Z%)
and h € Z. If both X(Z%) and Y (Z?) are translation-invariant, then an
operator A € B(X,Y) is said to be translation-invariant if AV, = V, A for
all h € Z°.

The discrete Hilbert transform H defined by

1 fly
HH@ =2 3 1Y ey
v y—x
yeZ\{x}
is one of the most important translation-invariant operators. Its bound-
edness on (P(Z) with 1 < p < oo was established by Marcel Riesz [30].
Calderén and Zygmund [14, Theorem 14| extended this result to the mul-

tidimensional case of the discrete Riesz transforms R;, j = 1,...,d given
by

(Rif)@) == S BT ), w=(anewa) €2,

_ d+1
yezingay 1V 7

where j = 1,...,d and |z| = (/2% +---+22. Andersen (3] generalized
the above results to the setting of rearrangement-invariant Banach sequence
spaces X (Z%) and proved that the Hilbert transform H is bounded on X (Z)
(respectively, the Riesz transforms R;, j = 1,...,d, are bounded on X (Z))
if and only if the Boyd indices of X(Z) (respectively, of the space X (Z%))
satisfy 0 < ax, fx < 1 (see Theorem 3.1).

Note that the norm and the essential norm of the continuous analogue H
of the operator H on the space LP(R) for 1 < p < oo are well known:

(1.3) | HBr@)) = IHIBLr®)),e = cot(m/(2p")),
where

p" ==max{p,p/(p— 1)}
(see, e.g., [16, Ch. 13, Theorem 1.3] and [25, Ch. II, Example 4.2]). The
lower estimate was obtained by Gohberg and Krupnik in 1968, and the
upper estimate was proved four years later by Pichorides (we refer to the
survey [26] for a more detailed history). Recently, Banuelos and Kwasnicki
[8] proved the long standing conjecture on the norm of the discrete Hilbert
transform:

(1.4) | H || gr(z)) = cot(m/(2p")), 1<p<oo.
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We also refer to [7, 9] for further results on sharp estimates for discrete
singular integrals.

The values of the essential norm and of the Hausdroff measure of noncom-
pactness of the discrete Hilbert transform on ¢7(Z) do not seem to be known.
Our initial motivation was to fill in this gap, but we realised that one can
study the problem of maximal noncompactness of more general translation-
invariant operators in much more general settings of translation-invariant or
rearrangement-invariant Banach function spaces.

Let So(Z%) denote the set of all finitely supported sequences. If a Banach
sequence space Y (Z?) is non-separable, then Sy(Z?) is not dense in it, but it
may happen that every element of Y (Z?) can be approximated by elements
of So(Z%) in a norm weaker than || - ||y. This possibility is described in the
next theorem by introducing an auxiliary Banach sequence space Z(Z%).

Theorem 1.1 (Main result). Let X = X(Z9), Y =Y(Z4), and Z = Z(Z%)
be translation-invariant Banach sequence spaces such that Y is a subset of
the closure of So(Z%) in Z. If A € B(X,Y) is a translation-invariant oper-
ator, then it is maximally noncompact.

We will show that the assumption on the space Y (Z9) is satisfied if Y (Z¢)
is rearrangement-invariant and its lower Boyd index satisfies ay > 0 (see
Corollary 3.8). In particular, one can consider nonseparable target spaces,
like the weak-£? space £7*°(Z%). Hence Theorem 1.1 and Andersen’s results
(see Theorem 3.1) on the boundedness of the Riesz transforms R;, 1 < j < d,
on rearrangement-invariant Banach function spaces imply the following.

Corollary 1.2. Let X = X(Z%) be a rearrangement-invariant Banach se-
quence space with the Boyd indices satisfying 0 < ax, Bx < 1. For all
a,be Candj=1,...,d, the operators al +bR; are mazimally noncompact
on the space X.

Combining this corollary with (1.4), we get

IH | B@r2))x = 1H | Ber2)),e = l1HIBer(2)) = cot(n/(2p")), 1<p < oo.

The paper is organized as follows. In Section 2, we recall the definitions
and basic properties of Banach sequence spaces and their associate spaces.
In Section 3, we deal with rearrangement-invariant Banach sequence spaces,
their Boyd indices ax,Sx (see [13]) and Zippin indices px,gx (see [31]).
We show that if the lower Zippin index of a rearrangement-invariant Banach
sequence space X (Z9) satisfies px > 1/p, where 1 < p < oo, then X (Z9) —
(P(Z%). This fact and the inequality ax < px imply that the assumptions
of Theorem 1.1 are satisfied if X(Z?) = Y (Z?) is a rearrangement-invariant
Banach function space with nontrivial Boyd indices, which tells us that
Corollary 1.2 follows from Theorem 1.1 and Andersen’s Theorem 3.1. So, it
remains to prove Theorem 1.1, which is done in Section 4. In Section 5, we
present continuous analogues of Theorem 1.1 and Corollary 1.2.
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2. BANACH SEQUENCE SPACES

2.1. Definition of a Banach sequence space. Let S € {N, Z}, let £°(S)
be the linear space of all sequences f: S — C, and let 53_(8) be the cone of
nonnegative sequences in £°(S). We equip S with the counting measure, i.e.
the purely atomic measure with atoms having equal measure 1. According
to [11, Ch. 1, Defintion 1.1], a Banach function norm g : £9.(S) — [0,00] is a
mapping which satisfies the following axioms for all f,g,{f,} in £9.(S), for
all finite subsets £ C S, and all constants a > 0:

(A1) o(f) =0« f=0, olaf) = ao(f), o(f +g) < o(f) + p(9),
(A2) 0<g<f = o(g) <o(f) (thelattice property),

(A3)  0<fa? f = o(fn) T o(f) (the Fatou property),

(Ad)  olxk) <

(A5)

> f) <CEQ (f);

zel

where yp is the characteristic (indicator) function of E, and the constant
Cg € (0,00) may depend on g and E, but is independent of f. The set X (S)
of all sequences f € £°(S) for which o(|f]) < oo is called a Banach sequence
space. For each f € X(S), the norm of f is defined by | f| x(s) := p(|f])-
The set X (S) equipped with the natural linear space operations and this
norm becomes a Banach space (see [11, Ch. 1, Theorems 1.4 and 1.6]). If o
is a Banach function norm, its associate norm ¢’ is defined on ¢4 (S) by

_sup{Zf L fely(s), (f)él}, g € £5.(S).
z€S

It is a Banach function norm itself [11, Ch. 1, Theorem 2.2]. The Banach
sequence space X'(S) determined by the Banach function norm ¢’ is called
the associate space (Kothe dual) of X(S). The associate space X'(S) can be
viewed as a subspace of the Banach dual space X*(S).

Recall that SO(Zd) denote the set of all finitely supported sequences. The
following lemma was proved in [22, Lemma 2.10] in the case of Banach
function spaces. Its proof in the case of Banach sequence spaces is essentially
the same.

Lemma 2.1. Let X(Z%) be a Banach sequence space and X'(Z%) be its
associate space. For every f € X(Z%),

”fHX(Zd) = sup Z f(x)s(z)] : s€ SO(Zd% HSHX/(Zd) <1

xCZ4

2.2. Translation-invariant Banach sequence spaces and their asso-
ciate spaces. The next lemma was proved in [22, Lemma 2.1] in the case of
translation-invariant Banach function spaces. Its proof in the case of Banach
sequence spaces is essentially the same.
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Lemma 2.2. Let X(Z%) be a Banach sequence space and X'(Z%) be its
associate space. Then X(Z9) is translation-invariant if and only if X'(Z4)
s translation-invariant.

3. REARRANGEMENT-INVARIANT BANACH SEQUENCE SPACES
AND THEIR BOYD AND ZIPPIN INDICES

3.1. Rearrangement-invariant Banach sequence spaces. The distri-
bution function of a sequence f € £°(S) is defined by

df(A) :=card{z € S:|f(x)] > A}, A >0.
For any sequence f € (°(S), its decreasing rearrangement is given by
ff(n) =inf{A>0:ds(\) <n—-1}, neN.

One says that sequences f,g € ((S) are equimeasurable if df = d;. A
Banach function norm p : ¢9(S) — [0,00] is said to be rearrangement-
invariant if o(f) = o(g) for every pair of equimeasurable functions f,g €
E(T (S). In that case, the Banach sequence space X generated by p is said
to be a rearrangement-invariant Banach sequence space (cf. [11, Ch. 2,
Definition 4.1]). It follows from [11, Ch. 2, Proposition 4.2] that if a Banach
sequence space X (S) is rearrangement-invariant, then its associate space
X'(S) is also a rearrangement-invariant Banach sequence space.

3.2. Boyd indices. Let X(Z%) be a rearrangement-invariant Banach se-
quence space generated by a rearrangement-invariant Banach function norm
0 : % (2% — [0,00]. By the Luxemburg representation theorem (see [11,
Ch. 2, Theorem 4.10]), there exists a unique rearrangement-invariant Banach
function norm g : £9 (N) — [0, oc] such that

olf) =a(f), ez
The rearrangement-invariant Banach function space generated by 7 is de-
noted by X (N) and is called the Luxemburg representation of X (Z%).

Let t > 0. We denote by |t| the greatest integer less than or equal to t,
and by [t] the least integer greater than or equal to t. Thus [t] = [t] =t if
t e NU{0} and [t] = [t] + 1 otherwise.

For f : N — [0, 00), consider the following operators:

(Emf)(n) := f(mn), (Enf)(n):=f([(n=1)/m]+1), m,neN.
For m € N, let
H(m, X) = sup {2(Enf") : f€X(N), o(f) <1},
K(m, X) = sup {g(Fnf7) : f€X(N), o(f) <1}.
It follows from [13, Lemmas 3-5] that the following limits

ox = lim —08AMX) gy 8K X)
" m—oo logm ’ " m—oo logm
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exist and satisfy
(3.1) 0<ax <px <1, ax=1-px, Bx =1-ax.

The numbers ax and SBx are called the lower and the upper Boyd indices,
respectively. One says that the Boyd indices are nontrivial if

(3-2) O0<ax, [Bx<l.

The importance of the concept of (nontrivial) Boyd indices for our work lies
in the following result.

Theorem 3.1 ([2, Theorems 3.9 and 4.2], [3]). (a) The discrete Hilbert
transform H is bounded on a rearrangement-invariant Banach se-
quence space X (Z) if and only if its Boyd indices satisfy (3.2).
(b) The discrete Riesz transform Rj, 1 < j < d is bounded on a rear-
rangement-invariant Banach sequence space X (Z%) if and only if its
Boyd indices satisfy (3.2).

3.3. Zippin indices. The results of this subsection might be known to
experts. They are analogous to the case of rearrangement-invariant Banach
function spaces considered in [29, Section 4]. Since we were not able to find
their proofs in the literature and since there are some technical differences
between the case of rearrangement-invariant Banach function spaces (spaces
over nonatomic measure spaces) and the case of Banach sequence spaces
(spaces over purely atomic measure spaces) considered in this paper, we
decided to provide detailed proofs.

Let X (Z%) be a rearrangement-invariant Banach function space with the
Luxemburg representation X (N). For m € N, let x,, € X(N), X'(N) be the
sequence given by

For s > 1, consider
X|sn) X X[sn]llx
L(s,X) := inf 7" L JHX(N), M(s,X) :=su 7H [ ]HX(N).
neN - xn 5 neN x|z
Lemma 3.2. Fors,t > 1,
(3.3) L(st,X) > L(s, X)L(t, X),
(3.4) M(st,X) < M(s,X)M(t, X).

Proof. Let n € N and s,t > 1. Then |stn| > |s|tn]|] and

x5t Iy - IXstengi @y IXsteng ) XL Iy

HXnHY(N) - ”XnHY(N) - HXLmJHX(N) ||XnHY(N)
> Lz, X)L(t, X),
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which implies (3.3). Similarly, since [stn] < [s[tn]], we have

||X(smﬂ|Y(N) < ”X[s[tnﬂHY(N) - HX[s[mHHY(N) ||X[tn1HY(N)

HXnHY(N) B ”XnHX(N) a HX&MHX(N) ”XnHY(N)
< M(z, X)M(t, X),

which implies (3.4). O
Lemma 3.3. For s > 1, one has 1 < L(s,X) and M(s,X) < [s].
Proof. 1t is clear that n < |sn] for s > 1. Then

||XLsnj HY(N)

i

”Xn HY(N)

whence 1 < L(s, X). On the other hand, since n < [sn], it follows from [11,
Ch. 2, Corollary 5.3] that

IXrsn1llx@y  IXrsn1llz@y  n
||XnHY(N) n ||Xn”Y(N)
< IXTsm1 Iz [sn] _ [sn] <],
which implies that M (s, X) < [s]| and completes the proof. O
Consider the following quantities:
log L(s, X) ., log M(s,X)
px i=sup ————=,  gx := inf ———"—=,
s>1 log s s>1 log s

They were introduced by Zippin [31, pp. 283-284], who stated without proof
the following result. For the convenience of the readers, we give its proof
here.

Theorem 3.4. We have
log L(n, X) . log L(n, X)
im ——"

(3.5) px =sup — - =
nen  logn n—oo  logn
log M (n, X log M(n, X
(3.6) ax = inf OEMX) oy log Mn, X))
neN logn n—00 logn

Proof. The idea of the proof is borrowed from that of [2, Theorem 3.1(i)].
Consider the functions

o(s) == —log L(e®, X), (s):=logM(e®,X), s>0.
It follows from Lemmas 3.2 and 3.3 that for all s, > 0,
p(s+1) <p(s) +p(t), Y(s+1t) <h(s)+(t), »(s) < oo, Y(s) < oo
By [17, Theorem 7.6.1],

(3.7) inf olt) = lim (t) inf (t) — lim Y()

>0 t—soo t 0 t>0 t t—oo t
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Hence, making the substitution ¢ = e®, we get

log L(s, X) . —log L(s, X) o p(t)
. = ——— =—inf ———— = —inf
(3:8) bx Ssl>111) log s ;I>11 log s %I>10 t

t —log L(s, X log L(s, X
— hm ()0( ) — _ hm Og (87 ) — hm Og (S’ )

t—oo t s—00 log s §—00 log s

~ lim log L(n, X) <su logL(n,X).
n—oo  logn neN  logn

On the other hand, obviously,
log L(s, X log L(n, X
(3.9) oy = sup 2BLEX) o log L(n, X)
s>1 log s neN  logn

Combining (3.8) and (3.9), we arrive at (3.5).
Similarly, using the second equality in (3.7), we get

log M (s, X log M (s, X

(310) qx = inf 2BMEX) WO g, VO g, log M X)

s>1 log s >0 t t—oo ¢ 5—00 log s

log M (n, X log M (n, X
i 08 M X)L log M, X))

n—00 logn neN logn

On the other hand, clearly,
log M (s, X log M (n, X
(3.11) ax = inf 2BMEX) o log M(n, X)
s>1 log s neN logn

Combining (3.10) and (3.11), we arrive at (3.6). O

Lemma 3.5. If X(Z%) is a rearrangement-invariant Banach sequence space
and X'(Z9) is its associate space, then

(3.12) px=1—-qx, qx =1-px.
Proof. By [11, Ch. 2, Theorem 5.2], for m,n € N,

O e
”Xn“f(x) HanHY'(X) .
Therefore, for m € N,

-1
XmnllX Xmn||x7
(3.13) LX) = g mlxen e (ol
neN HXnHY(N) neN HXH”Y'(N)

-1
—m [ sup ”anHY/(N) _ m
S Tl M(m, X)
and

-1
XmnllX Xmn|| X7
(314) M(m, X) = Supm = msup m
neN HXHHY(N) neN ||Xn”y/(N)



DISCRETE RIESZ TRANSFORMS 9

—1
— | inf ”anHY'(N) _ m
225 Tl L(m, X)’

It follows from Theorem 3.4 and formula (3.13) that

/
06T A) 1~ lim le—cpc
Mm—00 logm m—+00 logm

The second equality in (3.12) can be proved analogously by using (3.14)
instead of (3.13). O

Lemma 3.6. If X(Z%) is a rearrangement-invariant Banach sequence space,
then its Boyd and Zippin indices satisfy

0<ax <px <gx <Bx <L

Proof. We already know the inequalities 0 < ax and fx < 1 (see (3.1)).
Since L(n, X) < M(n, X) for n € N, it follows from Theorem 3.4 that

log M (n, X

log L(n, X) _ pj, logMn,X) _

n—00 logn n—00 logn

Let us prove that gx < Bx. It is not difficult to see that for m,n € N,

M:Fm _Xn ., m,néeN.
||Xn||Y(N) HXnHY(N)

Then, for m € N,

Xnml|lx mn
neN ||Xn”Y(N) neN HXnHY(N)

ot s

<sup {o(Fnf") © feXN), o(f) <1} = K(m, X).

It follows from the definition of Bx, the above inequality and Theorem 3.4
that log K (m. X
gx = lim lim —e\hA) (m, X) = fBx.

m—o0 logm m—oo logm
Finally, the above inequality applied to the associate space and the duality
relations given in (3.1) for the Boyd indices and in Lemma 3.5 for the Zippin
indices imply that ax = 1 — 8xs < 1 — gx» = px, which completes the
proof. O

log M (m, X) <

3.4. Continuous embedding of a rearrangement-invariant Banach
sequence space into /P. The idea of the proof of the following lemma is
borrowed from the proof of [28, Lemma 4.2].

Lemma 3.7. Let 1 < p < co. If X(Z%) is a rearrangement-invariant Ba-
nach sequence space with the lower Zippin index satisfying px > 1/p, then

X (24 — P (24).
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Proof. If px > 1/p, then there exists € > 0 such that

(3.15) (px —e)p > L.
By Holder’s inequality [11, Ch. 1, Theorem 2.4], for m € N,

D) = e ey < 15 e xm sy
j=1

Pl
= llxizn b e o

||Xnm||xl

<N fllx @z Ixa s gy SUP 77—
XM R uxnuX,(N)

= cll fllxzayM(m, X),
where ¢ = ||X1”Y/(N)- This inequality and equality (3.14) imply that for
m e N,

m

1
(3.16) EZJC* ) < cllfllxzay

Jj=1

M(m,X") | fllx(za
- L(m,X)

It follows from the second equality in (3.5) that there exists mo € N such
that for all m > my,

log L(m, X)
px —e< —F—— <px t+¢&,
logm
whence for m > my,
(3.17) mPX"% < L(m, X) < mPXTe,

Combining inequality (3.16) with the first inequality in (3.17), we arrive at

00 o 1 (px—€)p
(3.18) > (P = Y ()

m=mo+1 m=mo-+1
= Ctail”fHI;((Zd)a

where
o 1\ (Px—e)p
Chapl :== P Z <m) < 00
m=mo-+1

in view of (3.15). On the other hand, inequality (3.16) and Lemma 3.3 imply
that

mo

(3.19) D () < Creadll S5 ()

m=1
where

Chead := mocl < oo.
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Combining (3.18) and (3.19), we arrive at

00 1/p
1 llev(zay = (Z(f*(m))p> < (Chead + Crait) /|| f x: (24

m=1

which completes the proof. ([l

Since So(Z?) is dense in £P(Z?) whenever 1 < p < oo, the above lemma and
the inequality ay < py (see Lemma 3.6) immediately imply the following.

Corollary 3.8. If Y(Z%) is a rearrangement-invariant Banach sequence
space with the lower Boyd index satisfying ay > 0, then Y (Z9) is a subset
of the closure of So(Z%) in the space €P(Z9) for 1/ay < p < c0.

4. PROOF OF THE MAIN RESULT

The idea of the proof is borrowed from the proofs of [23, Theorems 1.1-
1.2]. In view of (1.1), it is sufficient to prove that

(4.1) 1AllBx, vy = 1AllBx,v)-
Fix € > 0. Then there exists g € X such that ||g||x =1 and
(4.2) 1Aglly > [[Allsxy) — &

It follows from Lemma 2.1 that there exists s € So(Z¢) \ {0} such that
l|ls]ly» <1 and

(4.3) Y (Ag)(@)s(@)| = |Aglly —e.

x€Z4

Take any sequence {h,}nen in Z¢ such that |h,| — +00 as n — oo, and set
Vi :=Vh,,, sn := Vps. Since Y is translation-invariant, in view of Lemma 2.2,
so is Y’. Therefore,

(4.4) [snllyr = llslly» <1, neN.

Making a change of variables in the left-hand side of (4.3), we see that for
all n € N,

(4.5) Y (VAg)(@)sal(@)| = | D (Ag)(@)s(z)| = || Aglly — .

x€Z4 x€Z4

Take any finite set {¢1,...,¢m} C Y. Since Y is a subset of the closure of
So(Z%) in Z and s € So(Z%) C Z', there exists a set {11, ...,%m} C So(Z%)
such that

€ .
(46) ”SOJ - %HZ < ma J € {17 e 7m}‘

Taking into account that t; and s are finitely supported and |h,| — 400 as
n — 00, we see that there exists N € N such that

(4.7) bisy =0, je{l,...,m}
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Since Z' is translation-invariant (see Lemma 2.2), we get |[sy|lz = |5z
Then, in view of equalities (4.7), Holder’s inequality for the space Z (see
[11, Ch. 1, Theorem 2.4]), and inequalities (4.6), we get for j € {1,...,m},

(4.8) > ei@)sn(@)| =D (pi(x) — vi(x)) sn(x)
z€Z4 €4
€
< llgj = ¥jlizllsnllz < 77— lIsllz =e.
sl
Combining (4.5) and (4.8), we see that for j € {1,...,m},

(4.9) Y ((VnAg)(x) — pj(@))sn(x)

x€Z4

> | 37 (wAg)(@)sn ()| — | 3 @s(@)sw (@)

z€Z4 z€Z4
> ||Ag|ly — 2e.

On the other hand, applying Hélder’s inequality to the space Y (see [11,
Ch. 1, Theorem 2.4]) and taking into account inequality (4.4), we get for

jed{l,...,m},

(4.10) > ((VnAg)(x) — ¢;(2))sn(z)| < [VivAg — @jlly s lly

xEeZd
< |IVNAg — ¢jlly-

Since A is a translation-invariant operator, we get Vy A = AVy. Hence we
deduce from (4.9), (4.10) and (4.2) that for j € {1,...,m},

[AVNg — @jlly = IVNAg — @jlly > [[Aglly — 2 > ||Al|gx,y) — 3¢
Since X is a translation-invariant space, we have [|[Vng|lx = |lgllx = 1.
So, for every finite set {¢1,...,pm} C Y, there exist an element AVxg
of the image of the unit ball A (Byx) that lies at a distance greater than
| Alls(x,y) — 3¢ from every element of {1, ..., ¢y, }. This means that A(Bx)

cannot be covered by a finite family of open balls of radius ||A[/zx,y) — 3e.
Hence, for all € > 0,

1AllBx,yv)x = 1AllBx,y) — 3¢

Passing to the limit as ¢ — 04, we arrive at (4.1), which completes the
proof. ([l

5. CONTINUOUS CASE

In this section, we briefly describe analogues of the above results in the
continuous case. For h € R?, let V}, denote the shift (translation) operator
Vnf)(@) = f(x —h), z € RL Let X = X(RY),Y = Y(R?) be Banach
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function spaces (see [11, Ch. 1, Definition 1.1]) over R? equipped with the
Lebesgue measure. As in the discrete case, one says that the space X (R?)
is translation-invariant if |V, f||x = || f||x for all f € X(R?) and h € R?. If
both X (R?),Y (RY) are translation-invariant, then an operator A € B(X,Y)
is said to be translation-invariant if AV}, = V, A for all h € R%. Let Sp(R?)
denote the set of all simple compactly supported functions. The following
result is proved in the same way as Theorem 1.1.

Theorem 5.1. Let X = X(RY), Y = Y(RY), and Z = Z(R?) be translation-

invariant Banach function spaces such that 'Y is a subset of the closure of

So(RY) in Z. If A€ B(X,Y) is a translation-invariant operator, then
IAlBx,yv)x = IAlBxY).e = IAllBx,y)-

We apply this result to the Hilbert and the Riesz transforms. Iwaniec
and Martin [20, Theorem 1.1] (see also [21, Theorem 12.1.1]) calculated the
LP-norms of the Riesz transforms R; with j = 1,...,d defined by

Raf)w)i=ca [ =00,

|z — y[dH+T
where
cq = m @HV/2p (d;—1>

and the intergal is understood in the principal value sense. They extended
(1.3) to the multidimensional case and proved that

(5.1) IRl B(Lr(ray) = cot(m/(2p")) j=1,...,d, 1<p<oo.

In the case d = 1 and H := Ry, more is known. First of all, for every
a,b € C, one has

lal +bH||5Lrr)) = llaf + bH| (Lo (®)) e
(see [25, Example 4.2]). Hollenbeck and Verbitsky [19] proved that
(5.2) (I £ iH)/2||p(Lrw)) = 1/ sin(7/p).

Further, Hollenbeck, Kalton, and Verbitsky [18, Corollary 4.4] showed that
if 1 <p<ooanda,beR, then

(5.3) |lal + b’H||B(Lp(R)) = (Bp(a,b))l/i”
where
B,(a,b) := max laz — b+ (bx + a) tanyP + |ax — b — (bx + a) tany|P
P\ i

zeR |z 4 tan~y|P + |z — tany|P

and v = 7/(2p) (see also [15] for an alternative proof of this result).

Let X (R?) be a rearrangement-invariant Banach function space (see [11,
Ch. 2, Section 4] or [13]) and let ax, Bx be its Boyd indices [13] and px, ¢x
be its Zippin indices [31]. We refer to [29, Section 4] for their properties in
the case of rearrangement-invariant Banach function spaces over nonatomic
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measure spaces. It follows from the Boyd interpolation theorem [13, Theo-
rem 1] and (5.1) that the Riesz transforms R; with j = 1,...,d are bounded
on X (R%) whenever its Boyd indices satisfy 0 < ax, Sx < 1. The fact that
the converse is also true was noticed by Boyd in [12, p. 219] without proof.
It follows from a more general result for non-degenerate classical Calderén-
Zygmund singular integral operators of convolution type [24, Corollary 1.2].

Let 1 < p < oo. Following [11, Ch. 3, Definition 1.2], let L'(R?) +
LP(R?) be the collection of all measurable functions f : R? — C that are
representable as f = g + h for some g € L'(R?%) and h € LP(RY). For each
function f € L'(RY) + LP(R?) its norm is defined as

1f ot ey+o ey = E{ |9l 1 may + 1Bl Loray © f =g+ h},

where the infimum is taken over all representations f = g+h with g € L'(R?)
and h € LP(RY).

Arguing similarly to the proof of [28, Lemma 4.2] (see also [4, Remark 4],
[5, Remark 4], and Lemma 3.7), one can get the following.

Lemma 5.2. Let 1 < p < oo. If X(RY) is a rearrangement-invariant
Banach function space with the lower Zippin index satisfying px > 1/p,
then

X (RY) — LY(R) + LP(RY).
Remark 5.3. In fact, using techniques of the proof of [28, Lemma 4.2], one
can prove a stronger result, substituting the Lebesgue space LP(R?) by the
strictly smaller Lorentz space LP'!(R9).

Similarly to the discrete case, we obtain the following as a consequence
of Theorem 5.1 and Lemma 5.2.

Corollary 5.4. Let X = X (R?) be a rearrangement-invariant Banach func-
tion space with the Boyd indices satisfying 0 < ax, Bx < 1. For alla,b € C
and j =1,...,d, one has
llal +0R;l(x),x = llal + bR;llp(x).e = llal + bRl 5x)-

Proof. 1t follows from Lemma 5.2 and the inequality ax < px (see [29,
inequalities (4.14)]) that X(R?) — Z(R?) = L'(R?%) + LP(R?) for p €
(1/ax,00). It is clear that Z(R?) is translation-invariant because both
LY(R?) and LP(R?) are translation-invariant. If f € Z(R?), then there exist
g € LY(RY) and h € LP(R?) such that f = g+ h. Fix ¢ > 0. Since Sp(R?) is
dense in L'(RY) and in LP(R?), there exist ¢, € So(R?) such that

lg — 80||L1(Rd) <e/2, ||h— %ZJHLp(Rd) <e/2.
Therefore,
1f = (e + )l zmaey < lg — ellrmay + [ — Pl Loray < e

Since ¢ +1) € So(R?), we conclude that Sp(R?) is dense in Z(R%). Tt remains
to apply Theorem 5.1 to the translation-invariant operators 7 = al + bR,
with j=1,...,d. O
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Combining Corollary 5.4 with (5.1)—(5.3), we see that for 1 < p < oo,
(5.4) (I £iH) /2l e r))x = I £iH) /2| B(Lr(R))e = 1/ sin(7/p),

(5.5) llal +bH| s(rocr))y = lal +0H|ro@y).e = (Bp(a,b)'/?, a,beR,
and

(5.6)  IR;llszr®ay .y = IRl Brr®ay.c = cot(m/(2p%)), j=1,....d.

It seems that none of the equalities in (5.4)—(5.6) was noticed before.

Acknowledgments. This work is funded by national funds through the
FCT - Fundagao para a Ciéncia e a Tecnologia, I.P., under the scope of the
projects UIDB/00297/2020 and UIDP/00297/2020 (Center for Mathematics
and Applications).

REFERENCES

[1] R.R. Akhmerov, M. I. Kamenskii, A. S. Potapov, A. E. Rodkina, and B. N. Sadovskil.
Measures of noncompactness and condensing operators, volume 55 of Operator The-
ory: Advances and Applications. Birkhduser Verlag, Basel, 1992.

[2] K. F. Andersen. Discrete Hilbert transformations on rearrangement-invariant se-
quence spaces. ProQuest LLC, Ann Arbor, MI, 1970. Thesis (Ph.D.)-University of
Toronto (Canada).

[3] K. F. Andersen. Discrete Hilbert transforms and rearrangement invariant sequence
spaces. Applicable Anal., 5(3):193-200, 1975/76.

[4] S. V. Astashkin and L. Maligranda. On interpolation in L,-spaces. Mat. Zametki,
74(5):782-786, 2003.

[5] S. V. Astashkin and L. Maligranda. Interpolation between L and L,, 1 < p < oo.
Proc. Amer. Math. Soc., 132(10):2929-2938, 2004.

[6] J. M. Ayerbe Toledano, T. Dominguez Benavides, and G. Lépez Acedo. Measures of
noncompactness in metric fized point theory, volume 99 of Operator Theory: Advances
and Applications. Birkhaduser Verlag, Basel, 1997.

[7] R. Banuelos, D. Kim, and M. Kwagnicki. Sharp ¢? inequalities for discrete singular
integrals. arXw:2209.09737 [math.PR], 2022.

[8] R. Banuelos and M. Kwasnicki. On the ¢P-norm of the discrete Hilbert transform.
Duke Math. J., 168(3):471-504, 2019.

[9] R. Bafiuelos and M. Kwasnicki. The ¢7 norm of the Riesz—Titchmarsh transform for
even integer p. arXiw:2210.00027 [math.CAJ, 2022.

[10] J. Banas and M. Mursaleen. Sequence spaces and measures of noncompactness with
applications to differential and integral equations. Springer, New Delhi, 2014.

[11] C. Bennett and R. Sharpley. Interpolation of operators, volume 129 of Pure and
Applied Mathematics. Academic Press, Inc., Boston, MA, 1988.

[12] D. W. Boyd. Spaces between a pair of reflexive Lebesgue spaces. Proc. Amer. Math.
Soc., 18:215-219, 1967.

[13] D. W. Boyd. Indices of function spaces and their relationship to interpolation. Cana-
dian J. Math., 21:1245-1254, 1969.

[14] A. P. Calderén and A. Zygmund. Singular integrals and periodic functions. Studia
Math., 14:249-271 (1955), 1954.

[15] Y. Ding, L. Grafakos, and K. Zhu. On the norm of the operator al + bH on L”(R).
Bull. Korean Math. Soc., 55(4):1209-1219, 2018.



16 O. KARLOVYCH AND E. SHARGORODSKY

[16] 1. Gohberg and N. Krupnik. One-dimensional linear singular integral equations. Vol.
1I. General theory and applications, volume 54 of Operator Theory: Advances and
Applications. Birkhéuser Verlag, Basel, 1992.

[17] E. Hille and R. S. Phillips. Functional analysis and semi-groups. American Mathe-
matical Society Colloquium Publications, Vol. 31. American Mathematical Society,
Providence, R.I., 1957. rev. ed.

[18] B. Hollenbeck, N. J. Kalton, and I. E. Verbitsky. Best constants for some operators
associated with the Fourier and Hilbert transforms. Studia Math., 157(3):237-278,
2003.

[19] B. Hollenbeck and I. E. Verbitsky. Best constants for the Riesz projection. J. Funct.
Anal., 175(2):370-392, 2000.

[20] T. Iwaniec and G. Martin. Riesz transforms and related singular integrals. J. Reine
Angew. Math., 473:25-57, 1996.

[21] T. Iwaniec and G. Martin. Geometric function theory and non-linear analysis. Ox-
ford Mathematical Monographs. The Clarendon Press, Oxford University Press, New
York, 2001.

[22] A. Karlovich and E. Shargorodsky. When does the norm of a Fourier multiplier
dominate its L> norm? Proc. Lond. Math. Soc. (3), 118(4):901-941, 2019.

[23] O. Karlovych and E. Shargorodsky. On the essential norms of singular integral op-
erators with constant coefficients and of the backward shift. Proc. Amer. Math. Soc.
Ser. B, 9:60-70, 2022.

[24] O. Karlovych and E. Shargorodsky. Remark on singular integral operators of con-
volution type on rearrangement-invariant spaces Banach function spaces. Real Anal.
Ezchange, 2023 (to appear).

[25] N. Krupnik. Banach algebras with symbol and singular integral operators, volume 26
of Operator Theory: Advances and Applications. Birkh&user Verlag, Basel, 1987.

[26] N. Krupnik. Survey on the best constants in the theory of one-dimensional singular
integral operators. In Topics in operator theory. Volume 1. Operators, matrices and
analytic functions, volume 202 of Oper. Theory Adv. Appl., pages 365—393. Birkhauser
Verlag, Basel, 2010.

[27] A. Lebow and M. Schechter. Semigroups of operators and measures of noncompact-
ness. J. Functional Analysis, 7:1-26, 1971.

[28] L. Maligranda. A generalization of the Shimogaki theorem. Studia Math., 71(1):69-83,
1981/82.

[29] L. Maligranda. Indices and interpolation. Dissertationes Math. (Rozprawy Mat.),
234:49, 1985.

[30] M. Riesz. Sur les fonctions conjuguées. Math. Z., 27:218-244, 1927.

[31] M. Zippin. Interpolation of operators of weak type between rearrangement invariant
function spaces. J. Functional Analysis, 7:267-284, 1971.

(O. Karlovych) CENTRO DE MATEMATICA E APLICAGOES, DEPARTAMENTO DE MATE-
MATICA, FACULDADE DE CIENCIAS E TECNOLOGIA, UNIVERSIDADE NOVA DE LISBOA,
QUINTA DA TORRE, 2829-516 CAPARICA, PORTUGAL

Email address: oyk@fct.unl.pt

(E. Shargorodsky) DEPARTMENT OF MATHEMATICS, KING’S COLLEGE LONDON, STRAND,
LonDoN WC2R 2LS, UNITED KINGDOM AND TECHNISCHE UNIVERSITAT DRESDEN,
FAKULTAT MATHEMATIK, 01062 DRESDEN, GERMANY

Email address: eugene.shargorodsky@kcl.ac.uk



