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Pre-University Semester

Functions

Definition
(Function)
Let A e B be two sets. A function f is a rule that
assigns to each element z in A exactly one element,

y = f(z), in B.

The variable x is the independent variable and y is the
dependent variable.
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Definition

(Domain and Range)

Given a real function f of real variable, the domain
of f is the set of values in R such that f(z) can
be algebraically calculated. The range is the set of
values y = f(«) for every which z in the Domain of

f.
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Definition
(Properties)
A function f from A to B is

= Injective if 21 # 25 = f(z1) # f(z2).

= Surjective if Vy € B,3z € A:y = f(x).

= Bijective if it is injective and surjective.

= Evenif f(z) = f(—=z).

= Odd if f(z) = —f(—=z).

= Increasing if z1 > z2 = f(z1) > f(z2).

= Strictly increasing if z1 > z2 = f(z1) > f(z2).
= Decreasing if z1 > z2 = f(z1) < f(z2).

= Strictly decreasing if z1 > z2 = f(z1) < f(z2).
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Definition

(Composition of functions)

Composition of function is a sequence of nested func-
tions, where the input of one function is the output
of the previous function. For the composition of two
functions we say f after g and write f o g and the
expression is given by f o g(z) = f(g(z)).

The domain of f o g is given by

Djog={reR:xz€DyANy=g(x)€ Dy}
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Definition

(Roots, maximum and minimum)

We say that z is a root or a zero of f if f(z) =0.
(f(x1)) is a relative or local minimum of f if

Definition

(Inverse function)

We say that f and g are inverse functions if fog =
go f =1 where [ is the identity function I(z) = x.
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Definition
(Algebric operations on functions)

= (f+9)(=) = f(=z)+ g(x) and
Djtg={r €R:2 € Dy Aw € Dy}
= (fg)(z) = f(x).g(x) and
Djg={z€R:2 € Dy Az € Dy}
= (f—9)(z) = f(z) — g(x) and

Dy _g={x€R:z€DygAx €Dy}

(f/9)(x) = f(x)/g(x) and

D¢jg={z€R:2€ DygAg(x) #0Ax € Dy}
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Definition
(Stepwise function)
We say that f is a stepwise function if

gi(x) ifzeAd
g2(x) ifx € A

gr(x) ifze Ay
where A; N AN ---NA; =0 and

Dy ={zeR:(x € AiAx € Dg,)V---V(z € AxAxz € Dy, )
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Exercises
1. Find the domain of the following functions
ve—1 ifz>0
=012l e <o
42
2+2 ifx>4
b) 9= 5 1 if v <4
72 —
1
— ifzx<1
<) h= 21m2—8x—|—6
x
2. For f(z) = % and r(z) = 2z — 1 write f or and
ro f.
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3. For g(x) = 2® + 3 and h(x) = x + 2 write go h and
hog.

4. Find the inverse function of f(z) =3z — 7.

5. For g(z) = x + 1 and s(z) = 23 write g o 5. Define
the inverse of g, the inverse of s and the inverse of
gos and relate (gos)~! with g7 and 571 .

6. Check if the function f(z) = (z—1)3+2 have inverse
and in case of a positive answer find the expression
of f~1.

7. Check if the function h(x) = 22 — 6 have inverse and
in case of a positive answer find the expression of
h=t.
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Exponential and logarithmic
functions

The exponential function is given by the expression
f(z) =a”
with @ > 0. The domain is R, the range is RT.
= a”-a¥ =a""Y,Va € RT, Va,y € R;
. L a®*" Y. Va € RY, Vz,y € R;
a¥y
» (a%)Y =a%Y,Va € RT, Vz,y € R;
» 0%V = (a-b)* Va,b e RT, Vo eR;

xT

. (%)z,\m,bew, Ve € R.
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The function has no zeros. It is strictly increasing for a > 1
and strictly decreasing for 0 < a < 1.
Let us remind some properties of exponentials.

¥ v

8 i
6 6
4 4

2 2

—~ -z o 2 4 =] z o 2 [ T

(a) The function a®, a > 1. (b) The function a®, 0 <
a<1.

Figure 1: Graphical representation of exponential function.
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Among exponential functions it is relevant, for its practical

applications, the function of base a = e where ¢ is the

number of Neper. In general we refer to e® simply as the
exponential function.

Figure 2: Function a”, witha =2, a=¢c¢ e a =3.
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The inverse of the exponential function is the logarithmic
function. In fact we have

,x=a’ Slog,x =1y

and
log, a’ =y and a'°8% = z. (1)

From the definition of logarithm we have the following
properties

log, a = 1 (because a' = a)

log, 1 =0 (because a® = 1).
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We have also the following properties, in which we consider
a,b e R\ {1}, z,y e RT, zeReneN:

e log,(z.y) =log, z +log, y

loga % = loga T — loga Y

log, (z%) = z - log, x

loga {/z = L log, x

[ ]
—
9]
09
o
8
|

Note: In the case of a = e (Neper number) we will adopt
the notation log, x = log x.
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Properties
e Domain is R* and range is R;
e The function has only one root at x = 1.

e The function is surjective ans injective, so is bijective;

An introduction to Calculus | February, 2019 16/54



Pre-University Semester

a) The function log, x, b) The function log, =, 0 <
La a
a>1. a<1.

Figure 3: Graphical representation of log,(x).
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Exercises

1. Solve the equations:

a) 2% = 128;

b) 10° = 100;

c) 15% = 225;
1.
64’
e) 327% = 81;

1

3r+2 _ _—
f) 5 95

2. Simplify the expressions:

d) 42z+1 —

a) logs 9 + logs 36 — logs 4;
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logs §
logs 2°

c) logyg(z +3) — 4logyg z;

d) 4logx — 6log(z + 2);

e) log, y* + log, y* — log, y*;

f) % log /3 #% + 5logy /3 2;

g) logy /5 16 + logy /5 20 — logy /5 4%;

h) é(3 log, x — log, y% + 6log, z).
3. Solve the equations

a) log, 256 = 4;
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b) logs 125 = x;

3
c) log,8 = 5

1
d) logg(2zx +1) = 5

e) logy 5 (2—1x)=3;
f) log (3xz + 2) =log7.

4. Simplify the expressions:
a) edtloge,

b) 16logs z+3log, \/E;

1 logs (% +4)—2logs ©
o (= ;
(5) '
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d) 253 logs z.

e) 75 log, x—2log, 93;

f) 16'827;
5. Solve the equations :
a) 375 =4;

b) logoz + logyo(z — 15) = 2;

1
i 644x—3.
2T ’

d) logz v2z +3=2;
e) 4(logz)? — 3logx = T;

f) é log(2'°8"")) — log(a®) + 4 = 0.
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6. Consider f : R — R such that f(z) = (0.2)*"!
Identify the true and false propositions:

a) f(x)<1,V:1:€R;
b) £(0) =

) f(z) >25,Vz e R™;
d) Vz >1,0< f(z) <
) f
)

c
e) f(z) <0,Vz eR,;
lim f(z) = —c0.

r—+00

f

7. Find the set os solution of the inequalities

r—1
1
- <9* T

An introduction to Calculus | February, 2019 22/54




Pre-University Semester

b) (0.1)"*" < 0.01;

c) logi(z+5) > 0.

8. Solve the inequalities:
a) 2%logy(22) +a”logy (v +5) < 0;
b) log1(2z) <2 —logy (=2);

z2-4
c) 3=%+5 < L.

9. Consider the function g(z) =5 + log, (3z — 1).
a) Find Dy e CD,.
b) Solve g(z) > 0.

c) Find the zeros of g.
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d) Study the injectivity of g.

e) Find the inverse of g, g1

10. Find the domain of function f defined by f(x) =
5(x —2)3
e3(x=2) _ 1’
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Trignometric functions

Background

The unit circle is a circle whose radius is 1 and whose center
is at the origin of a rectangular coordinate system. The
unit circle, with radius 1 has a circumference of length 2.
In other words, for one revolution around the unit circle the
length of the arc is 27 units.
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/| tan(a)

sin(or)

cos(at)

Figure 4: Trigonometric circle.
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» sin(a+ 8) = sin(a) cos(B) + cos(a) sin(B)

» cos(a+ ) = cos(a) cos(B) — sin(«) sin(f5)

1

[ ] 2 = -
cos*(@) 1 + tan?(a)
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Function sine

—dr Tx -3z bx -2¢

- . T 4z T

B
B
]

]

3
S

5
=T

Figure 5: Graphical representation of sin(z).
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u Df =R and CDf = [—1,1].

= It is a periodic function with period 2m,there is,

sen (2 + ) =sen(x), Yz € R

= |t is odd

sin (—z) = —sin (z), Vo € R.
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= It is increasing in intervals

}—5+2k7r +2k7r[ ez,

e and decreasing in intervals

}24-21% —|-2k‘7r[ ke Z.

= Has a maximum at z = g—i— 2kw, k € Z, and

minimum at z = — — + 2km, k € Z. The maximun
is 1 and the minimum —1.

= The zeros are of the form x = kn, k € Z.
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Function cosine

g:R — R
x — cos(x)
r
1
—dx T -3 _Bm —In = -m @ = T Ar % fn 3 Tr 2
2 F] T2 F] 2 2 2 2

Figure 6: Graphical representation of cos(z).
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« D,=ReCD, =[-1,1].

= |t is periodic with period 2, that is,

cos (2 + x) = cos (z), Vx € R.

= |s even,

cos (—z) = cos (z), Vz eR.

= [s increasing in the intervals
|7+ 2kw, 27w + 2kn|, k € Z,
e and decreasing at

12km, 7 + 2kn], k € Z.
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= Reaches a maximum at x = 2kw, k € Z, and the
minimum at x = 7w + 2kw, k € Z.The maximun is 1
and the minimum is —1.

= The zeros are the points z = g +kn, k € Z.
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Function tangent

R

t:R
x an (x) =

—
sin(x)
- cos(x)

[l
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3=t —r Tl

(S E

Figure 7: Graphical representation of tangent.
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« Dy =R\{Z +km, keZ}eCD, =R

= Is periodic with period 7, that is,
tg (m+ ) =tg(x), Vo eDy.
= s odd

tg (—x) = —tg(x), Vr € Dy.

= |s increasing in

}—g—l—kﬂ',g—i—kw[, kelZ.

= Has no maximun or minimum.

= The zeros are x = km, k € Z.
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Function cotangent

t:R
T

cot (x) = %
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I
vl A
Ll

|

Figure 8: The graphical representation of cot.
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» D; =R\ {kr, k€Z} eCD; =R.

= Is periodic with period 7, that is,

cotg (m + x) = cotg (x), Vx € D;.

= Is odd
cotg (—z) = —cotg (), Vx € D;.
= Is increasing in intervals

Jkm, m+ kn[, k € Z.

= Has no minimum or maximum.

= The zeros are x = 72_r + km, k € Z.

An introduction to Calculus | February, 2019 39/54



Pre-University Semester

f(z) Domain Range Zeros Odd/Even
sen(x) R [-1,1] z = km odd
™
cos(x) R [-1,1] | =z = 3 + km even

km odd

8
Il

tg(z) {mGR:z;éngkw} R

cotg(z) {reR:x #kn} R

8
Il

g Y- odd
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Inverse Trignometric Functions

Clearly the previous functions are not invertible but we
can consider a restriction (sub-domain) in which they are
injective and so invertible. We will choose a sub-domain
where the we have full range (the range is the same of the
original function).

Let f(z) = sen () and consider the main restriction of
. - . Tow

the function the restriction of f to the interval {—5, 5}

Let it be g then

HEL

x — sen(x).
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Being bijective g invertible and let g~! be the inverse. For

gil, we have

Dy1 =[-1,1], CDy1 = [—

™ T
g9

232

T . -

and to each y € [—1, 1] we have z € [—5, 5} which sin is

y; such angle is represented by arcsin(y) and the function

—1 - . . ™ T

g~ is the arc-sin function. Then for every = € [—5, 5]
and y € [—1,1]

y = sin (z) & z = arcsin (y).
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Figure 9: Graphical representation of arcsin.

Let f(x) = cos (z) and consider the main restriction of
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the function the restriction of f to the interval [0, 7]. Let
it be g then

g:[0,7] — [-1,1]

x — cos(z).
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Being bijective g is invertible and let g~! be the inverse.
For g—', we have

Dg—l = [—171], CDg—l = [0,7‘(‘]

and to each y € [—1,1] we have z € [0, 7] which cos is
y; such angle is represented by arccos(y) and the function
g~ ! is the arc-cos function. Then for every x € [0, 7] and
ye[-1,1]

y = cos () & x = arccos (y).
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v
o T
: ul
E 2
-1 1 T

Figure 10: Graphical representation of arccos.
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Let f(z) = tan (z) and consider the main restriction of
. - . oy

the function the restriction of f to the interval ]—5, 5 [

Let it be g than

m 7
o:]-55 - R

x — tan(z).

Being bijective g invertible and let g~! be the inverse. For
g1, we have

and to each y € R we have x € ]—g, g [ which tan is y;

D, 1 =R, CD, :}—g,

ol 3

such angle is represented by arctan(y) and the function
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g~ ! is the arc-tan function. Then for every x € ] —g, g{
eyelR
y = tan (z) © = = arctan (y).
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Figure 11: Graphical representation of arctan.
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Limits and continuity

Definition

(Limit of function)

We say that
lim f(z) =0
r—a

iff

V6 >0,3e>0:2 € DiA|z—a| < e=|f(x)-bl < ¢
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Definition
(Relative limits)

hm flx)=bs

z—)a

V9> 0,3 >0:2 € DeAx > al|z—a| < e = |f(z)—b <9

lim f(z)=b<

r—a

V9> 0,3 >0:2 € DiAzr < aN|z—a| < e = |f(z)—b| <9

lim f(z) =b<

r—a

T#a

VLY [ VB B I AV = =
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Definition
(Continuity)
We say that f is continuous in a € Dy if h_H)l f(z)

exists.
(By the definition of limit we must have h_r)n flz) =

f(a)) We say that f is a continuous function if it is
continuous on every point of the domain.
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All the elementary functions studied before are continuous.

Some special limits

TR 1 (2)
z—0 xT
-1
m @=L (3)
z—0 x
. e’ —1
Jm =1 )
+oo ifn>m
. anz™ + -+ ag an .
1 iU S e A — ifn=m (5

0 fn<m
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