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Abstract: Let 𝑋(Z) be a reflexive rearrangement-invariant Banach sequence space and let 𝑎 be a periodic
distribution generating the bounded Laurent operator 𝐿(𝑎) on 𝑋(Z). We prove that if the discrete Wiener–
Hopf operator 𝑇 (𝑎) is Fredholm on the subspace 𝑋(Z+) = {𝑓 = {𝑓𝑘}𝑘∈Z ∈ 𝑋(Z) : 𝑓𝑘 = 0 for 𝑘 < 0} and
has index 𝜅, then 𝑇 (𝑎) is left-invertible if 𝜅 ≤ 0, right-invertible if 𝜅 ≥ 0, and invertible if 𝜅 = 0. The proof
is based on ideas by Hartman–Wintner (1954), Coburn (1966), Simonenko (1968), and Duduchava (1975),
who proved the analogous result for ℓ2(Z) and ℓ𝑝(Z) with 1 < 𝑝 < ∞.
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1 Introduction
For a Banach space 𝒳 , let ℬ(𝒳 ) and 𝒦(𝒳 ) denote the Banach algebra of all bounded linear operators on 𝒳
and its closed two-sided ideal consisting of all compact linear operators on 𝒳 , respectively. An operator
𝐴 ∈ ℬ(𝒳 ) is said to be Fredholm on 𝒳 if 𝛼(𝐴) := dim Ker𝐴 < ∞ and 𝛽(𝐴) := dim 𝒳/ Im𝐴 < ∞, where
Ker𝐴 := {𝑥 ∈ 𝒳 : 𝐴𝑥 = 0} and Im𝐴 := 𝐴(𝒳 ) are the kernel and the range of 𝐴, respectively. The set of
all Fredholm operators on 𝒳 will be denoted by Φ(𝒳 ). For each 𝐴 ∈ Φ(𝒳 ), the index of 𝐴 is defined by

Ind𝐴 := 𝛼(𝐴) − 𝛽(𝐴).

For a unital Banach algebra 𝒜, let 𝒢𝒜 denote the group of all invertible elements of 𝒜. The spectrum and
the essential spectrum of an operator 𝐴 ∈ ℬ(𝒳 ) are defined by

Spec𝐴 :=
{︀
𝜆 ∈ C : 𝐴− 𝜆𝐼 /∈ 𝒢ℬ(𝒳 )

}︀
, Spece 𝐴 :=

{︀
𝜆 ∈ C : 𝐴− 𝜆𝐼 /∈ Φ(𝒳 )

}︀
,

respectively. It is clear that Spece 𝐴 ⊂ Spec𝐴.
Let ℓ0(Z) denote the linear space of all sequences 𝑓 = {𝑓𝑘}𝑘∈Z with 𝑓𝑘 ∈ C for all 𝑘 ∈ Z. Let

𝑋(Z) ⊂ ℓ0(Z) be a separable Banach sequence space (see [3, Ch. 1] and Section 2 below). The class of
Banach sequence spaces includes classical Lebesgue sequence spaces ℓ𝑝(Z) with 1 ≤ 𝑝 ≤ ∞, Orlicz sequence
spaces ℓΦ(Z), and Lorentz sequence spaces ℓ𝑝,𝑞(Z) with 1 < 𝑝 < ∞, 1 ≤ 𝑞 ≤ ∞, among others, as well as
their weighted analogues.
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Let 𝒫 ′ be the space of periodic distributions (see, e.g., [2, Ch. 3 and 5]) and let 𝑆0(Z) denote the set of
all finitely supported sequences. For 𝑎 ∈ 𝒫 ′ and 𝜙 ∈ 𝑆0(Z), we define the convolution 𝑎 * 𝜙 as the sequence

(𝑎 * 𝜙)𝑗 =
∑︁
𝑘∈Z

̂︀𝑎𝑗−𝑘𝜙𝑘, 𝑗 ∈ Z,

where {̂︀𝑎𝑗}𝑗∈Z is the sequence of Fourier coefficients of the distribution 𝑎. By 𝑀𝑋(Z) we denote the collection
of all distributions 𝑎 ∈ 𝒫 ′ for which 𝑎 * 𝜙 ∈ 𝑋(Z) whenever 𝜙 ∈ 𝑆0(Z) and

‖𝑎‖𝑀𝑋(Z) := sup
{︂‖𝑎 * 𝜙‖𝑋(Z)

‖𝜙‖𝑋(Z)
: 𝜙 ∈ 𝑆0(Z), 𝜙 ̸= 0

}︂
< ∞.

Since 𝑆0(Z) is dense in 𝑋(Z) whenever 𝑋(Z) is separable (see [13, Lemma 3]), for 𝑎 ∈ 𝑀𝑋(Z), the operator
from 𝑆0(Z) to 𝑋(Z) defined by 𝜙 ↦→ 𝑎 * 𝜙 extends to a bounded operator

𝐿(𝑎) : 𝑋(Z) → 𝑋(Z), 𝜙 ↦→ 𝑎 * 𝜙,

which is referred to as the Laurent operator with symbol 𝑎.
It is known that 𝑀ℓ1(Z) coincides with the Wiener algebra 𝑊 and 𝑀ℓ2(Z) is 𝐿∞(−𝜋, 𝜋), the space

of all 2𝜋-periodic essentially bounded functions. In all other cases, a reasonable description of 𝑀𝑋(Z) is
unknown. If 𝑋(Z) is reflexive and reflection-invariant, then 𝑀𝑋(Z) is continuously embedded into 𝐿∞(−𝜋, 𝜋)
and is a Banach algebra with respect to pointwise operations and the norm ‖𝑎‖𝑀𝑋(Z) = ‖𝐿(𝑎)‖ℬ(𝑋(Z))
(see [15, Theorems 5.5–5.6]). If 𝑋(Z) is translation-invariant, then the Young convolution inequality (see
[13, Theorem 6]) implies that 𝑊 ⊂ 𝑀𝑋(Z). Under some technical conditions (which we do not require
in the main result of this paper), 𝑀𝑋(Z) contains all 2𝜋-periodic functions of bounded variation (see [15,
Theorem 1.2(c)]).

Let Z+ := {0, 1, 2, . . . } and let 𝑃 denote the discrete Riesz projection on 𝑋(Z) defined for 𝜙 =
{𝜙𝑗}𝑗∈Z ∈ 𝑋(Z) by

(𝑃𝜙)𝑗 :=
{︂

𝜙𝑗 if 𝑗 ∈ Z+,

0 if 𝑗 ∈ Z ∖ Z+.

Consider the following subspaces of 𝑋(Z):

𝑆0(Z+) := 𝑃𝑆0(Z) = {𝜙 = {𝜙𝑗}𝑗∈Z ∈ 𝑆0(Z) : 𝜙𝑗 = 0 for 𝑗 ∈ Z ∖ Z+},
𝑋(Z+) := 𝑃𝑋(Z) = {𝜙 = {𝜙𝑗}𝑗∈Z ∈ 𝑋(Z) : 𝜙𝑗 = 0 for 𝑗 ∈ Z ∖ Z+}.

The subspace 𝑆0(Z+) is dense in 𝑋(Z+) if the space 𝑋(Z) is separable in view of [13, Lemma 3]. Therefore,
for every 𝑎 ∈ 𝑀𝑋(Z), the operator from 𝑆0(Z+) to 𝑋(Z+) defined by 𝜙 ↦→ 𝑃 (𝑎 * 𝜙), extends to a bounded
operator

𝑇 (𝑎) : 𝑋(Z+) → 𝑋(Z+), 𝜙 ↦→ 𝑃 (𝑎 * 𝜙),

which is referred to as the discrete Wiener–Hopf (or Toeplitz) operator with symbol 𝑎. Clearly, we have

‖𝑇 (𝑎)‖ℬ(𝑋(Z+)) ≤ ‖𝐿(𝑎)‖ℬ(𝑋(Z)).

Moreover, if 𝑋(Z) is reflexive and rearrangement-invariant (see [3, Ch. 2] and Section 7 below), then for
every 𝑎 ∈ 𝑀𝑋(Z), one has

‖𝐿(𝑎)‖ℬ(𝑋(Z)) = inf
𝐾∈𝒦(𝑋(Z))

‖𝐿(𝑎) +𝐾‖ℬ(𝑋(Z)) = ‖𝑇 (𝑎)‖ℬ(𝑋(Z+)) = inf
𝐾∈𝒦(𝑋(Z+))

‖𝑇 (𝑎) +𝐾‖ℬ(𝑋(Z+))

(see [14, Theorem 2.6]).
The Fredholm theory of discrete Wiener–Hopf operators on ℓ𝑝(Z+) with 1 ≤ 𝑝 ≤ ∞ is a classical topic

of operator theory. For various classes of symbols, it is well documented in the monographs by Gohberg and
Fel’dman [10], Prössdorf [18], Böttcher and Silbermann [6, 7]. Recently, the authors have begun to extend
this theory to the setting of more general Banach sequence spaces (see [13–15]). The aim of this paper is to
make one more step in this direction.
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Our main result is the following theorem, which has its roots in the works by Hartman and Wintner
[12], Coburn [8], Simonenko [21], and especially Duduchava [9], who was the first to consider discrete
Wiener–Hopf operators with discontinuous symbols on ℓ𝑝(Z+) for 𝑝 ̸= 2. It is our pleasure to dedicate this
paper to Professor Roland Duduchava on the occasion of his 80th birthday.

Theorem 1.1. Let 𝑋(Z) be a reflexive rearrangement-invariant Banach sequence space and 𝑎 ∈ 𝑀𝑋(Z).
Suppose the discrete Wiener–Hopf operator 𝑇 (𝑎) : 𝑋(Z+) → 𝑋(Z+) is Fredholm and has index 𝜅. Then
𝑇 (𝑎) is left-invertible if 𝜅 ≤ 0, right-invertible if 𝜅 ≥ 0, and invertible if 𝜅 = 0. Moreover,

Spec𝑇 (𝑎) = Spece 𝑇 (𝑎) ∪ {𝜆 ∈ C ∖ Spece 𝑇 (𝑎) : Ind𝑇 (𝑎− 𝜆) ̸= 0}. (1.1)

The scheme of the proof is as follows:

𝑇 (𝑎) ∈ Φ(𝑋(Z+)) (𝑖)=⇒ 𝐿(𝑎) ∈ 𝒢ℬ(𝑋(Z)) (𝑖𝑖)=⇒ 𝑎 ∈ 𝒢𝑀𝑋(Z)
(𝑖𝑖𝑖)=⇒ 𝛼(𝑇 (𝑎)) = 0 or 𝛼(𝑇 (𝑎)) = 0 (1.2)

and {︂
𝑇 (𝑎) ∈ Φ(𝑋(Z+)),

𝛼(𝑇 (𝑎)) = 0 or 𝛼(𝑇 (𝑎)) = 0
(𝑖𝑣)=⇒

⎧⎨⎩
𝑇 (𝑎) is left-invertible if Ind𝑇 (𝑎) ≤ 0,
𝑇 (𝑎) is right-invertible if Ind𝑇 (𝑎) ≥ 0,
𝑇 (𝑎) is invertible if Ind𝑇 (𝑎) = 0.

(1.3)

Hartman and Wintner [12, Part I] proved that the spectrum of the Toeplitz operator T(𝑎) with a
real-valued 2𝜋-periodic symbol 𝑎 ∈ 𝐿∞(−𝜋, 𝜋) on the Hardy space 𝐻2 is equal to the segment [𝑚,𝑀 ],
where 𝑚 := ess inf 𝑎(𝑡) and 𝑀 := ess sup 𝑎(𝑡). Simonenko’s result [21, Lemma 2] can be restated as follows:
if 𝑎 ∈ 𝐿∞(−𝜋, 𝜋) and T(𝑎) is Fredholm on a Hardy space 𝐻𝑝 with 1 < 𝑝 < ∞, then 𝑎 ∈ 𝒢𝐿∞(−𝜋, 𝜋). Since
the Toeplitz operator T(𝑎) on 𝐻2 and the discrete Wiener–Hopf operator 𝑇 (𝑎) on ℓ2(Z+) are unitarily
equivalent and 𝑀ℓ2(Z) = 𝐿∞(−𝜋, 𝜋), one has 𝑇 (𝑎) ∈ Φ(ℓ2(Z+)) =⇒ 𝑎 ∈ 𝒢𝐿∞(−𝜋, 𝜋), which gives the
implications (𝑖) and (𝑖𝑖) for ℓ2(Z). Böttcher and Silbermann [7, Propositions 2.28(b) and 2.30(b)] proved
the implications (𝑖) and (𝑖𝑖) for ℓ𝑝(Z) with 1 ≤ 𝑝 < ∞ and coined this result as the “Hartman–Wintner
theorem” (although the attribution “Hartman–Wintner–Simonenko theorem” used later by Böttcher and
Karlovich for Toeplitz operators in [4, Theorem 6.20], is probably more correct).

Coburn observed in the proof of [8, Theorem 4.1] that if 𝑎 ∈ 𝐿∞(−𝜋, 𝜋) ∖ {0}, then for the Toeplitz
operator T(𝑎);𝐻2 → 𝐻2, one has 𝛼(T(𝑎)) = 0 of 𝛼(T(𝑎)) = 0. Simonenko [21, Theorem 5] proved this
fact independently for 𝐻𝑝 with 1 < 𝑝 < ∞ (in the equivalent language of the Riemann boundary value
problem). Inspired by these results, Duduchava [9] proved that if 𝑎 ∈ 𝑀ℓ𝑝(Z) ∖ {0} with 1 < 𝑝 < ∞, then
𝛼(𝑇 (𝑎)) = 0 or 𝛼(𝑇 (𝑎)) = 0. Note that Duduchava’s result is stronger than the implication (𝑖𝑖𝑖) for ℓ𝑝(Z).
Its proof given in [7, Proposition 2.38(b)] essentially uses the fact that for 1 ≤ 𝑝 < ∞, either ℓ𝑝(Z) or its
dual (ℓ𝑝(Z))* = ℓ𝑝

′(Z), where 1/𝑝+ 1/𝑝′ = 1, is contained in ℓ2(Z). Note that this is not the case for more
general Banach sequence spaces (for instance, weighted ℓ𝑝 spaces). Böttcher and Seybold [5, Theorem 7.4]
were able to prove the implication (𝑖𝑖𝑖) for the case of weighted ℓ𝑝 spaces with symmetric Muckenhoupt
weights.

Our paper is organised as follows. In Section 2, we recall the definition of a Banach sequence space
and its associate space 𝑋 ′(Z), as well as the fact that if 𝑋(Z) is separable, then 𝑋 ′(Z) = (𝑋(Z))*. In
Section 3, we prove that if 𝑋(Z) is reflexive, then (𝐿(𝑎))* = 𝐿(𝑎) on 𝑋 ′(Z) = (𝑋(Z))* and (𝑇 (𝑎))* = 𝑇 (𝑎)
on 𝑋 ′(Z+) = (𝑋(Z+))* with respect to the pairing (𝑓, 𝑔) =

∑︀
𝑘∈Z 𝑓𝑘𝑔𝑘. Section 4 is a warmup before

the proof of the implication (𝑖). There we prove that if 𝑋(Z) is reflexive and translation-invariant, then
𝐿(𝑎) ∈ Φ(𝑋(Z)) if and only if 𝐿(𝑎) ∈ 𝒢ℬ(𝑋(Z)). Section 5 is dedicated to the proof of the implication
(𝑖) in the setting of reflexive translation-invariant Banach sequence spaces. In Section 6, we prove the
implication (𝑖𝑖) and its converse for reflexive reflection-invariant Banach sequence spaces contained in the
set 𝑆′(Z) of all sequences of slow growth. In Section 7, we prove that if 𝑋(Z) is rearrangement-invariant
and 𝑤 = {𝑤𝑘}𝑘∈Z is a symmetric Muckenhoupt weight in 𝐴sym

𝑝 (Z) for some 𝑝 ∈ (1,∞), then the weighted
Banach sequence space 𝑋(Z, 𝑤) = {𝑓 = {𝑓𝑘}𝑘∈Z ∈ ℓ0(Z) : 𝑓𝑤 = {𝑓𝑘𝑤𝑘}𝑘∈Z ∈ 𝑋(Z)} is contained in 𝑆′(Z).
This allows us to reformulate the implication (𝑖𝑖) and its converse for 𝑋(Z, 𝑤). In Section 8, we extend [5,
Lemmas 7.2–7.3] and give some conditions guaranteeing that a formally defined convolution 𝑥 * 𝑦 of two
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sequences 𝑥 = {𝑥𝑘}𝑘∈Z and 𝑦 = {𝑦𝑘}𝑘∈Z is well defined and associative. These facts are used in Section 9,
where we extend [5, Theorem 7.4] and prove the implication (𝑖𝑖𝑖) in the setting of a weighted Banach
sequence space 𝑋(Z, 𝑤) built upon a reflexive rearrangement-invariant Banach sequence space 𝑋(Z) and a
symmetric weight 𝑤 “controlled” by another weight 𝑣. All above gives the proof of the implications (𝑖)–(𝑖𝑖𝑖)
for reflexive rearrangement-invariant Banach sequence spaces. In Section 10, we provide the standard proof
of implication (𝑖𝑣) for the sake of completeness.

2 Banach sequence spaces
Let ℓ0+(Z) be the cone of nonnegative sequences in ℓ0(Z). According to [3, Ch. 1, Definition 1.1], a Banach
function norm 𝜚 : ℓ0+(Z) → [0,∞] is a mapping that satisfies the following axioms for all 𝑓, 𝑔 ∈ ℓ0+(Z), for
all sequences {𝑓 (𝑛)}𝑛∈N in ℓ0+(Z), for all finite subsets 𝐸 ⊂ Z, and all constants 𝛼 ≥ 0:

(A1) 𝜚(𝑓) = 0 ⇔ 𝑓 = 0, 𝜚(𝛼𝑓) = 𝛼𝜚(𝑓), 𝜚(𝑓 + 𝑔) ≤ 𝜚(𝑓) + 𝜚(𝑔),
(A2) 0 ≤ 𝑔 ≤ 𝑓 ⇒ 𝜚(𝑔) ≤ 𝜚(𝑓) (the lattice property),

(A3) 0 ≤ 𝑓 (𝑛) ↑ 𝑓 ⇒ 𝜚(𝑓 (𝑛)) ↑ 𝜚(𝑓) (the Fatou property),
(A4) 𝜚(1𝐸) < ∞,

(A5)
∑︁
𝑘∈𝐸

𝑓𝑘 ≤ 𝐶𝐸𝜚(𝑓),

where 1𝐸 is the characteristic (indicator) function of 𝐸, and the constant 𝐶𝐸 ∈ (0,∞) may depend on 𝜚

and 𝐸, but is independent of 𝑓 . The set 𝑋(Z) of all sequences 𝑓 ∈ ℓ0(Z) for which 𝜚(|𝑓 |) < ∞ is called a
Banach sequence space. For each 𝑓 ∈ 𝑋(Z), the norm of 𝑓 is defined as

‖𝑓‖𝑋(Z) := 𝜚(|𝑓 |).

The set 𝑋(Z) equipped with the natural linear space operations and this norm becomes a Banach space
(see [3, Ch. 1, Theorems 1.4 and 1.6]). If 𝜚 is a Banach function norm, its associate norm 𝜚′ is defined on
ℓ0+(Z) as

𝜚′(𝑔) := sup
{︂ ∑︁

𝑘∈Z

𝑓𝑘𝑔𝑘 : 𝑓 = {𝑓𝑘}𝑘∈Z ∈ ℓ0+(Z), 𝜚(𝑓) ≤ 1
}︂
, 𝑔 ∈ ℓ0+(Z).

It is a Banach function norm itself [3, Ch. 1, Theorem 2.2]. The Banach sequence space 𝑋 ′(Z) determined
by the Banach function norm 𝜚′ is called the associate space (Köthe dual) of 𝑋(Z). It follows from the
Hölder inequality for Banach sequence spaces (see [3, Ch. 1, Theorem 2.4]) that 𝑋 ′(Z) can be viewed as a
subspace of the Banach dual space (𝑋(Z))*.

If 𝑋(Z) is separable, then (𝑋(Z))* and 𝑋 ′(Z) are isometrically isomorphic (see [3, Ch. 1, Corollaries 4.3
and 5.6]). More precisely, for every 𝐹 ∈ (𝑋(Z))* there is a unique 𝑦 = {𝑦𝑛}𝑛∈Z ∈ 𝑋 ′(Z) such that for all
𝑥 = {𝑥𝑛}𝑛∈Z ∈ 𝑋(Z),

𝐹 (𝑥) = (𝑥, 𝑦) :=
∑︁
𝑛∈Z

𝑥𝑛𝑦𝑛 (2.1)

and ‖𝐹‖(𝑋(Z))* = ‖𝑦‖𝑋′(Z).

3 Adjoint operators of Laurent and discrete Wiener–Hopf
operators

In most of our results, we will assume that 𝑋(Z) is reflexive, which is equivalent to separability of both
𝑋(Z) and 𝑋 ′(Z) (see [3, Ch. 1, Corollaries 4.4 and 5.6]). In that case, (𝑋(Z))* is isometrically isomorphic
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to 𝑋 ′(Z) and (𝑋(Z+))* is isometrically isomorphic to 𝑋 ′(Z+) with respect to the pairing defined in (2.1)
(see [14, Lemma 2.1]). Moreover, since both 𝑋(Z) and 𝑋 ′(Z) are separable, the set 𝑆0(Z) is dense in both
𝑋(Z) and 𝑋 ′(Z) and the set 𝑆0(Z+) is dense in both 𝑋(Z+) and 𝑋 ′(Z+) (see [13, Lemma 3]).

Recall that the complex conjugate 𝑎 of a 2𝜋-periodic distribution is defined as 𝑎(𝑢) := 𝑎(𝑢) for 𝑢 ∈ 𝒫,
where 𝒫 is the set of all infinitely differentiable 2𝜋-periodic functions from R to C.

The following standard fact will be repeatedly used in what follows.

Lemma 3.1. Let 𝑋(Z) be a reflexive Banach sequence space. If 𝑎 ∈ 𝑀𝑋(Z), then 𝑎 ∈ 𝑀𝑋′(Z) and

(𝐿(𝑎))* = 𝐿(𝑎) ∈ ℬ(𝑋 ′(Z)), (𝑇 (𝑎))* = 𝑇 (𝑎) ∈ ℬ(𝑋 ′(Z+)).

Proof. If 𝑎 ∈ 𝑀𝑋(Z), then 𝑎 ∈ 𝑀𝑋′(Z) (see [15, Lemma 5.2]). Hence 𝐿(𝑎) ∈ ℬ(𝑋(Z)), 𝐿(𝑎) ∈ ℬ(𝑋 ′(Z)) and
𝑇 (𝑎) ∈ ℬ(𝑋(Z+)), 𝑇 (𝑎) ∈ ℬ(𝑋 ′(Z+)). It is easy to check that

(𝐿(𝑎)𝜙,𝜓) = (𝜙,𝐿(𝑎)𝜓), 𝜙, 𝜓 ∈ 𝑆0(Z) (3.1)

(see the proof of [15, Lemma 5.2]). Let 𝑓 ∈ 𝑋(Z) and 𝑔 ∈ 𝑋 ′(Z). In view of the density of 𝑆0(Z) in 𝑋(Z)
and in 𝑋 ′(Z), there exist sequences 𝜙(𝑛), 𝜓(𝑛) ∈ 𝑆0(Z), 𝑛 ∈ N, such that

‖𝑓 − 𝜙(𝑛)‖𝑋(Z) → 0, ‖𝑔 − 𝜓(𝑛)‖𝑋′(Z) → 0 as 𝑛 → ∞. (3.2)

It follows from (3.1) and Hölder’s inequality for Banach sequence spaces (see [3, Ch. 1, Theorem 2.4]) that

|(𝐿(𝑎)𝑓, 𝑔) − (𝑓, 𝐿(𝑎)𝑔)| ≤
⃒⃒
(𝐿(𝑎)𝑓, 𝑔) −

(︀
𝐿(𝑎)𝜙(𝑛), 𝑔

)︀⃒⃒
+

⃒⃒(︀
𝐿(𝑎)𝜙(𝑛), 𝑔

)︀
−

(︀
𝐿(𝑎)𝜙(𝑛), 𝜓(𝑛))︀⃒⃒

+
⃒⃒(︀
𝐿(𝑎)𝜙(𝑛), 𝜓(𝑛))︀ −

(︀
𝜙(𝑛), 𝐿(𝑎)𝜓(𝑛))︀⃒⃒

+
⃒⃒(︀
𝜙(𝑛), 𝐿(𝑎)𝜓(𝑛))︀ −

(︀
𝑓, 𝐿(𝑎)𝜓(𝑛))︀⃒⃒

+
⃒⃒(︀
𝑓, 𝐿(𝑎)𝜓(𝑛))︀ − (𝑓, 𝐿(𝑎)𝑔)

⃒⃒
≤

⃦⃦
𝐿(𝑎)

(︀
𝑓 − 𝜙(𝑛))︀⃦⃦

𝑋(Z)‖𝑔‖𝑋′(Z) +
⃦⃦
𝐿(𝑎)𝜙(𝑛)⃦⃦

𝑋(Z)

⃦⃦
𝑔 − 𝜓(𝑛)⃦⃦

𝑋′(Z)

+
⃦⃦
𝜙(𝑛) − 𝑓

⃦⃦
𝑋(Z)

⃦⃦
𝐿(𝑎)𝜓(𝑛)⃦⃦

𝑋′(Z) + ‖𝑓‖𝑋(Z)
⃦⃦
𝐿(𝑎)

(︀
𝜓(𝑛) − 𝑔

)︀⃦⃦
𝑋′(Z)

≤ ‖𝐿(𝑎)‖ℬ(𝑋(Z))‖𝑔‖𝑋′(Z)
⃦⃦
𝑓 − 𝜙(𝑛)⃦⃦

𝑋(Z)

+ ‖𝐿(𝑎)‖ℬ(𝑋(Z))

(︂
sup
𝑛∈N

⃦⃦
𝜙(𝑛)⃦⃦

𝑋(Z)

)︂ ⃦⃦
𝑔 − 𝜓(𝑛)⃦⃦

𝑋′(Z)

+ ‖𝐿(𝑎)‖ℬ(𝑋′(Z))

(︂
sup
𝑛∈N

⃦⃦
𝜓(𝑛)⃦⃦

𝑋′(Z)

)︂ ⃦⃦
𝜙(𝑛) − 𝑓

⃦⃦
𝑋(Z)

+ ‖𝐿(𝑎)‖ℬ(𝑋′(Z))‖𝑓‖𝑋(Z)
⃦⃦
𝜓(𝑛) − 𝑔

⃦⃦
𝑋′(Z).

The above inequality and (3.2) imply that

(𝐿(𝑎)𝑓, 𝑔) = (𝑓, 𝐿(𝑎)𝑔), 𝑓 ∈ 𝑋(Z), 𝑔 ∈ 𝑋 ′(Z).

This means that (𝐿(𝑎))* = 𝐿(𝑎) ∈ ℬ(𝑋 ′(Z)).
The proof of the equality (𝑇 (𝑎))* = 𝑇 (𝑎) ∈ ℬ(𝑋 ′(Z)) is analogous. Similarly to (3.1) established in the

proof of [15, Lemma 5.2], one can prove that

(𝑇 (𝑎)𝜙,𝜓) = (𝑃 (𝑎 * 𝜙), 𝜓) = (𝜙, 𝑃 (𝑎 * 𝜓)) = (𝜙, 𝑇 (𝑎)𝜓), 𝜙, 𝜓 ∈ 𝑆0(Z+). (3.3)

Since 𝑆0(Z+) is dense both in 𝑋(Z+) and in 𝑋 ′(Z+), 𝑇 (𝑎) ∈ ℬ(𝑋(Z+)), and 𝑇 (𝑎) ∈ ℬ(𝑋 ′(Z+)), arguing
as above, we can prove that (3.3) implies that

(𝑇 (𝑎)𝑓, 𝑔) = (𝑓, 𝑇 (𝑎)𝑔), 𝑓 ∈ 𝑋(Z+), 𝑔 ∈ 𝑋 ′(Z+),

which means that (𝑇 (𝑎))* = 𝑇 (𝑎) ∈ ℬ(𝑋 ′(Z+)).
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4 Fredholmness of Laurent operators is equivalent to their
invertibility

For 𝜙 = {𝜙𝑗}𝑗∈Z ∈ ℓ0(Z), define the translation (shift) operator

(𝑈𝜙)𝑗 = 𝜙𝑗−1, 𝑗 ∈ Z.

A Banach sequence space 𝑋(Z) is said to be translation-invariant if 𝑈𝜙 ∈ 𝑋(Z) and ‖𝑈𝜙‖𝑋(Z) = ‖𝜙‖𝑋(Z)
for all 𝜙 = {𝜙𝑗}𝑗∈Z ∈ 𝑋(Z). If 𝑋(Z) is translation-invariant, then it is clear that 𝑈−1 is a bounded operator
on 𝑋(Z) given by

(𝑈−1𝜙)𝑗 = 𝜙𝑗+1, 𝑗 ∈ Z.

As usual, 𝑈0 := 𝐼 and 𝑈−𝑛 := (𝑈−1)𝑛 for 𝑛 ∈ N. It is easy to see that ‖𝑈𝑚‖ℬ(𝑋(Z)) = 1 for all 𝑚 ∈ Z.
The following result is analogous to [7, Proposition 2.29(d)].

Theorem 4.1. Let 𝑋(Z) be a reflexive translation-invariant Banach sequence space and 𝑎 ∈ 𝑀𝑋(Z). Then
𝐿(𝑎) ∈ Φ(𝑋(Z)) if and only if 𝐿(𝑎) ∈ 𝒢ℬ(𝑋(Z)).

Proof. The sufficiency part is trivial. Let us prove the necessity portion.
Suppose 𝐿(𝑎) is Fredholm. Then, by [17, Ch. I, Theorem 3.1], there exists 𝑅 ∈ ℬ(𝑋(Z)) such that

𝑅𝐿(𝑎) − 𝐼 = 𝐾1, 𝐿(𝑎)𝑅− 𝐼 = 𝐾2, (4.1)

where 𝐾1,𝐾2 ∈ 𝒦(𝑋(Z)). It is clear that 𝑅 ̸= 0. It follows from [14, Lemma 2.3(a)] that

𝑈−𝑛𝐿(𝑎)𝑈𝑛 = 𝐿(𝑎), 𝑛 ∈ N. (4.2)

It follows from the first equality in (4.1) and equality (4.2) that for all 𝑓 ∈ 𝑋(Z) and all 𝑛 ∈ N,

𝑓 = (𝑈−𝑛𝑅𝑈𝑛)(𝑈−𝑛𝐿(𝑎)𝑈𝑛)𝑓 − (𝑈−𝑛𝐾1𝑈
𝑛)𝑓 = (𝑈−𝑛𝑅𝑈𝑛)𝐿(𝑎)𝑓 − (𝑈−𝑛𝐾1𝑈

𝑛)𝑓.

Since the operators 𝑈±𝑛 are isometries on 𝑋(Z), the above equality implies that for all 𝑓 ∈ 𝑋(Z) and
𝑛 ∈ N,

‖𝑓‖𝑋(Z) ≤ ‖𝑈−𝑛𝑅𝑈𝑛‖ℬ(𝑋(Z))‖𝐿(𝑎)𝑓‖𝑋(Z) + ‖(𝑈−𝑛𝐾1𝑈
𝑛)𝑓‖𝑋(Z)

= ‖𝑅‖ℬ(𝑋(Z))‖𝐿(𝑎)𝑓‖𝑋(Z) + ‖(𝑈−𝑛𝐾1𝑈
𝑛)𝑓‖𝑋(Z).

It follows from [14, Lemma 2.2(a)] that

lim
𝑛→∞

‖(𝑈−𝑛𝐾1𝑈
𝑛)𝑓‖𝑋(Z) = 0.

Hence, for all 𝑓 ∈ 𝑋(Z),
‖𝑓‖𝑋(Z) ≤ ‖𝑅‖ℬ(𝑋(Z))‖𝐿(𝑎)𝑓‖𝑋(Z).

Since 𝑅 ̸= 0, the above inequality implies that Ker𝐿(𝑎) = {0}.
It follows from the second equality in (4.1) and Lemma 3.1 that

𝑅*(𝐿(𝑎))* − 𝐼* = 𝑅*𝐿(𝑎) − 𝐼 = 𝐾*
2 .

Note that 𝐾*
2 ∈ 𝒦(𝑋 ′(Z)) in view of [20, Theorem 4.19]. Repeating the above argument with 𝐿(𝑎) acting

on 𝑋 ′(Z) in place of 𝐿(𝑎) acting on 𝑋(Z), we conclude that for all 𝑔 ∈ 𝑋 ′(Z),

‖𝑔‖𝑋′(Z) ≤ ‖𝑅*‖ℬ(𝑋′(Z))‖𝐿(𝑎)𝑔‖𝑋′(Z).

Hence, Ker𝐿(𝑎) = {0}. Therefore, by [20, Corollary (b) to Theorem 4.12], Im𝐿(𝑎) is dense in 𝑋(Z). Since
𝐿(𝑎) is Fredholm, Im𝐿(𝑎) is closed in 𝑋(Z) (see, e.g., [1, Lemma 4.38]). Thus Im𝐿(𝑎) = 𝑋(Z). So, 𝐿(𝑎) is
bijective. In view of the Banach isomorphism theorem, 𝐿(𝑎) is invertible on 𝑋(Z).
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5 An analogue of the Hartman–Wintner–Simonenko theorem
Now we are in a position to prove the implication (𝑖) in (1.2).

Theorem 5.1. Let 𝑋(Z) be a reflexive translation-invariant Banach sequence space. If 𝑎 ∈ 𝑀𝑋(Z) and
𝑇 (𝑎) ∈ Φ(𝑋(Z+)), then 𝐿(𝑎) ∈ 𝒢ℬ(𝑋(Z)).

Proof. The proof is analogous to that of [7, Proposition 2.30(b)]. Since the space 𝑋(Z) is reflexive, the set
𝑆0(Z) is dense in 𝑋(Z) and in its associate space 𝑋 ′(Z) (see [15, Lemma 2.1(b)]).

Let 𝑇 (𝑎) ∈ Φ(𝑋(Z+)). Then dim Ker𝑇 (𝑎) < ∞. It follows from [17, Ch. I, Lemma 2.1] that there is an
operator 𝐾 ∈ 𝒦(𝑋(Z+)) and a constant 𝛿 > 0 such that for all 𝜙 ∈ 𝑋(Z+),

‖𝑇 (𝑎)𝜙‖𝑋(Z+) + ‖𝐾𝜙‖𝑋(Z+) ≥ 𝛿‖𝜙‖𝑋(Z+). (5.1)

Let 𝑄 := 𝐼 − 𝑃 . Since for all 𝜓 ∈ 𝑋(Z), one has 𝜙 = 𝑃𝜓 ∈ 𝑋(Z+) and

‖𝜓‖𝑋(Z) ≤ ‖𝑃𝜓‖𝑋(Z) + ‖𝑄𝜓‖𝑋(Z),

inequality (5.1) implies that

‖𝑃𝐿(𝑎)𝑃𝜓‖𝑋(Z) + ‖𝑃𝐾𝑃𝜓‖𝑋(Z) + 𝛿‖𝑄𝜓‖𝑋(Z) ≥ 𝛿‖𝜓‖𝑋(Z).

Since 𝑋(Z) is translation-invariant, for every 𝜓 ∈ 𝑋(Z) and every 𝑛 ∈ N, one has 𝑈𝑛𝜓 ∈ 𝑋(Z). Therefore,
it follows from the above inequality that

‖𝑃𝐿(𝑎)𝑃𝑈𝑛𝜓‖𝑋(Z) + ‖𝑃𝐾𝑃𝑈𝑛𝜓‖𝑋(Z) + 𝛿‖𝑄𝑈𝑛𝜓‖𝑋(Z) ≥ 𝛿‖𝑈𝑛𝜓‖𝑋(Z).

Note that 𝑈−𝑛 are isometries on 𝑋(Z) for all 𝑛 ∈ Z, so the above inequality yields that for all 𝑛 ∈ N and
all 𝜓 ∈ 𝑋(Z),

‖𝑈−𝑛𝑃𝐿(𝑎)𝑃𝑈𝑛𝜓‖𝑋(Z) + ‖𝑈−𝑛𝑃𝐾𝑃𝑈𝑛𝜓‖𝑋(Z) + 𝛿‖𝑈−𝑛𝑄𝑈𝑛𝜓‖𝑋(Z) ≥ 𝛿‖𝜓‖𝑋(Z). (5.2)

Since 𝐾 ∈ 𝒦(𝑋(Z+)), we have 𝑃𝐾𝑃 ∈ 𝒦(𝑋(Z)). In this case it follows from [14, Lemma 2.2(a)] that

lim
𝑛→∞

‖𝑈−𝑛𝑃𝐾𝑃𝑈𝑛𝜓‖𝑋(Z) = 0. (5.3)

By [14, Lemma 2.3(a)], we have

𝑈−𝑛𝑃𝐿(𝑎)𝑃𝑈𝑛 = (𝑈−𝑛𝑃𝑈𝑛)𝐿(𝑎)(𝑈−𝑛𝑃𝑈𝑛). (5.4)

For every set 𝐸 ⊂ R, we denote by 1𝐸 the characteristic (indicator) function of the set 𝐸 ∩Z considered
as an element of ℓ0+(Z). Let 𝑓 ∈ 𝑆0(Z). It is easy to see that 𝑈−𝑛𝑃𝑈𝑛𝑓 = 1[−𝑛,+∞)𝑓 for all 𝑛 ∈ N. Since
𝑓 has finite support, this equality implies that

lim
𝑛→∞

‖𝑈−𝑛𝑃𝑈𝑛𝑓 − 𝑓‖𝑋(Z) = lim
𝑛→∞

‖1(−∞,−𝑛−1]𝑓‖𝑋(Z) = 0. (5.5)

It is evident that for all 𝑛 ∈ N,
‖𝑈−𝑛𝑃𝑈𝑛 − 𝐼‖ℬ(𝑋(Z)) ≤ 2. (5.6)

It follows from (5.5)–(5.6) and [19, Lemma 1.4.1(b)] that 𝑈−𝑛𝑃𝑈𝑛 → 𝐼 strongly as 𝑛 → ∞. This observation,
(5.4) and [19, Lemma 1.4.4] imply that 𝑈−𝑛𝑄𝑈𝑛 = 𝐼−𝑈−𝑛𝑃𝑈𝑛 → 0 and 𝑈−𝑛𝑃𝐿(𝑎)𝑃𝑈𝑛 → 𝐿(𝑎) strongly
as 𝑛 → ∞. Thus, for all 𝜓 ∈ 𝑋(Z),

lim
𝑛→∞

‖𝑈−𝑛𝑄𝑈𝑛𝜓‖𝑋(Z) = 0, lim
𝑛→∞

‖𝑈−𝑛𝑃𝐿(𝑎)𝑃𝑈𝑛𝜓‖𝑋(Z) = ‖𝐿(𝑎)𝜓‖𝑋(Z). (5.7)

Passing to the limit in inequality (5.2) as 𝑛 → ∞ and taking into account equalities (5.3) and (5.7), we
conclude that

‖𝐿(𝑎)𝜓‖𝑋(Z) ≥ 𝛿‖𝜓‖𝑋(Z), 𝜓 ∈ 𝑋(Z).
This means that Ker𝐿(𝑎) = {0}.

It follows from Lemma 3.1 and [1, Theorem 4.42] that the operator (𝑇 (𝑎))* = 𝑇 (𝑎) is Fredholm on
the space 𝑋 ′(Z+) = (𝑋(Z+))*. Repeating the above argument for 𝑇 (𝑎) acting on 𝑋 ′(Z+) in place of 𝑇 (𝑎)
acting on 𝑋(Z+), we conclude that Ker𝐿(𝑎) = {0}. Thus 𝐿(𝑎) is invertible on 𝑋(Z) (see the end of the
proof of Theorem 4.1).
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6 Invertibility of Laurent operators is equivalent to invertibility
of corresponding periodic multipliers

We say that a Banach sequence space 𝑋(Z) is reflection-invariant if ‖𝜙‖𝑋(Z) = ‖̃︀𝜙‖𝑋(Z) for every 𝜙 ∈ 𝑋(Z),
where ̃︀𝜙 denotes the reflection of a sequence 𝜙 = {𝜙𝑘}𝑘∈Z defined by ̃︀𝜙𝑘 := 𝜙−𝑘 for 𝑘 ∈ Z.

A sequence 𝜙 = {𝜙𝑘}𝑘∈Z is said to be of slow growth if there are some positive constants 𝑐 and 𝑟 such
that |𝜙𝑘| ≤ 𝑐|𝑘|𝑟 for all 𝑘 ∈ Z ∖ {0}. The set of all sequences of slow growth is denoted by 𝑆′(Z).

The following result is analogous to [7, Proposition 2.28(b)].

Theorem 6.1. Let 𝑋(Z) be a reflexive reflection-invariant Banach sequence space such that 𝑋(Z) ⊂ 𝑆′(Z)
and let 𝑎 ∈ 𝑀𝑋(Z). Then 𝐿(𝑎) ∈ 𝒢ℬ(𝑋(Z)) if and only if 𝑎 ∈ 𝒢𝑀𝑋(Z). If 𝑎 ∈ 𝒢𝑀𝑋(Z), then (𝐿(𝑎))−1 =
𝐿(𝑎−1).

Proof. Sufficiency. Recall that if 𝑋(Z) is reflexive and reflection-invariant, then 𝑀𝑋(Z) is a Banach algebra
under pointwise multiplication (see [15, Theorem 5.6]). If 𝑎 ∈ 𝒢𝑀𝑋(Z) and 𝑏 ∈ 𝑀𝑋(Z) is the inverse of 𝑎,
then

𝐿(𝑎)𝐿(𝑏) = 𝐿(𝑎𝑏) = 𝐿(1) = 𝐼, 𝐿(𝑏)𝐿(𝑎) = 𝐿(𝑏𝑎) = 𝐿(1) = 𝐼,

that is, 𝐿(𝑏) is the inverse of 𝐿(𝑎).
Necessity. Suppose 𝐿(𝑎) ∈ 𝒢ℬ(𝑋(Z)) and 𝐵 is the inverse of 𝐿(𝑎) in ℬ(𝑋(Z)). The invertibility of 𝐿(𝑎)

implies that the equation 𝐿(𝑎)𝜙 = 𝑒0 has a solution 𝜙 = {𝜙𝑛}𝑛∈Z ∈ 𝑋(Z). Then

(𝑎 * 𝜙)𝑗 =
∑︁
𝑘∈Z

̂︀𝑎𝑗−𝑘𝜙𝑘 = (𝑒0)𝑗 =

{︃
1 if 𝑗 = 0,
0 otherwise.

(6.1)

Since 𝑋(Z) ⊂ 𝑆′(Z), by [2, Ch. 5, Theorem 1.2], there exists a distribution 𝑏 ∈ 𝒫 ′ such that

̂︀𝑏𝑛 = 𝜙𝑛, 𝑛 ∈ Z. (6.2)

For this 𝑏 ∈ 𝒫 ′ and for 𝜓 = {𝜓𝑘}𝑘∈Z ∈ 𝑆0(Z), consider

(𝐿(𝑏)𝜓)𝑖 := (𝑏 * 𝜓)𝑖 =
∑︁
𝑗∈Z

̂︀𝑏𝑖−𝑗𝜓𝑗 , 𝑖 ∈ Z.

It follows from (6.1)–(6.2) that for all 𝑗 ∈ Z,

(𝐿(𝑎)𝐿(𝑏)𝜓)𝑗 =
∑︁
𝑘∈Z

̂︀𝑎𝑗−𝑘(𝐿(𝑏)𝜓)𝑘 =
∑︁
𝑘∈Z

̂︀𝑎𝑗−𝑘

(︂ ∑︁
𝑚∈Z

̂︀𝑏𝑘−𝑚𝜓𝑚

)︂
=

∑︁
𝑘∈Z

̂︀𝑎𝑗−𝑘

(︂ ∑︁
𝑚∈Z

𝜙𝑘−𝑚𝜓𝑚

)︂
=

∑︁
𝑚∈Z

(︂ ∑︁
𝑘∈Z

̂︀𝑎𝑗−𝑘𝜙𝑘−𝑚

)︂
𝜓𝑚

=
∑︁
𝑚∈Z

(︂ ∑︁
𝑖∈Z

̂︀𝑎𝑗−𝑚−𝑖𝜙𝑖

)︂
𝜓𝑚 =

∑︁
𝑚∈Z

(𝑒0)𝑗−𝑚𝜓𝑚 = 𝜓𝑗 . (6.3)

Note that the change of order of summation is possible because 𝜓 ∈ 𝑆0(Z), and so one of the sums is finite.
Analogously,

(𝐿(𝑏)𝐿(𝑎)𝜓)𝑗 =
∑︁
𝑘∈Z

̂︀𝑏𝑗−𝑘(𝐿(𝑎)𝜓)𝑘 =
∑︁
𝑘∈Z

̂︀𝑏𝑗−𝑘

(︂ ∑︁
𝑚∈Z

̂︀𝑎𝑘−𝑚𝜓𝑚

)︂
=

∑︁
𝑘∈Z

𝜙𝑗−𝑘

(︂ ∑︁
𝑚∈Z

̂︀𝑎𝑘−𝑚𝜓𝑚

)︂
=

∑︁
𝑚∈Z

(︂ ∑︁
𝑘∈Z

𝜙𝑗−𝑘̂︀𝑎𝑘−𝑚

)︂
𝜓𝑚

=
∑︁
𝑚∈Z

(︂ ∑︁
𝑖∈Z

̂︀𝑎𝑗−𝑚−𝑖𝜙𝑖

)︂
𝜓𝑚 =

∑︁
𝑚∈Z

(𝑒0)𝑗−𝑚𝜓𝑚 = 𝜓𝑗 . (6.4)
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Taking into account that 𝐵 = (𝐿(𝑎))−1, we conclude from (6.3)–(6.4) that for all 𝜓 = {𝜓𝑖}𝑖∈Z ∈ 𝑆0(Z),

(𝐵𝜓)𝑖 = (𝐿(𝑏)𝜓)𝑖 = (𝑏 * 𝜓)𝑖, 𝑖 ∈ Z. (6.5)

Since the operator 𝐵 is bounded, it follows from (6.5) that

‖𝑏‖𝑀𝑋(Z) = sup
{︂‖𝑏 * 𝜓‖𝑋(Z)

‖𝜓‖𝑋(Z)
: 𝜓 ∈ 𝑆0(Z) ∖ {0}

}︂
= sup

{︂‖𝐵𝜓‖𝑋(Z)
‖𝜓‖𝑋(Z)

: 𝜓 ∈ 𝑆0(Z) ∖ {0}
}︂

≤ ‖𝐵‖ℬ(𝑋(Z)) < ∞.

Therefore, 𝑏 ∈ 𝑀𝑋(Z).
It remains to show that 𝑏 ∈ 𝑀𝑋(Z) is the inverse of 𝑎 ∈ 𝑀𝑋(Z). Since 𝑀𝑋(Z) →˓ 𝐿∞(−𝜋, 𝜋) (see [15,

Theorem 5.5]), we conclude that 𝑎, 𝑏 ∈ 𝐿∞(−𝜋, 𝜋) →˓ 𝐿2(−𝜋, 𝜋). Therefore, 𝑎𝑏 ∈ 𝐿2(−𝜋, 𝜋) and

( ̂︀𝑎𝑏)𝑛 =
∑︁
𝑘∈Z

̂︀𝑎𝑛−𝑘
̂︀𝑏𝑘, 𝑛 ∈ Z. (6.6)

Combining (6.1)–(6.2) and (6.6), we see that ( ̂︀𝑎𝑏)𝑛 = ̂︀1𝑛 for all 𝑛 ∈ Z. By the uniqueness theorem for
Fourier series (see, e.g., [16, Ch. 1, Theorem 2.7]), 𝑎𝑏 = 1 a.e. on (−𝜋, 𝜋). Thus, 𝑏 is the inverse of 𝑎 in
𝑀𝑋(Z).

7 When is a weighted rearrangement-invariant Banach sequence
space contained in 𝑆′(Z)?

The distribution function of a sequence 𝑓 = {𝑓𝑘}𝑘∈Z ∈ ℓ0(Z) is defined by

𝑑𝑓 (𝜆) := 𝑚{𝑘 ∈ Z : |𝑓𝑘| > 𝜆}, 𝜆 ≥ 0,

where 𝑚(𝑆) denotes the measure (cardinality) of a set 𝑆 ⊂ Z. One says that sequences 𝑓 = {𝑓𝑘}𝑘∈Z,
𝑔 = {𝑔𝑘}𝑘∈Z ∈ ℓ0(Z) are equimeasurable if 𝑑𝑓 = 𝑑𝑔. A Banach function norm 𝜚 : ℓ0+(Z) → [0,∞] is said
to be rearrangement-invariant if 𝜚(𝑓) = 𝜚(𝑔) for every pair of equimeasurable sequences 𝑓 = {𝑓𝑘}𝑘∈Z,
𝑔 = {𝑔𝑘}𝑘∈Z ∈ ℓ0+(Z). In that case, the Banach sequence space 𝑋(Z) generated by 𝜚 is said to be a
rearrangement-invariant Banach sequence space (cf. [3, Ch. 2, Definition 4.1]). It follows from [3, Ch. 2,
Proposition 4.2] that if a Banach sequence space 𝑋(Z) is rearrangement-invariant, then its associate
space 𝑋 ′(Z) is also a rearrangement-invariant Banach sequence space. It is easy to see that, for every
𝑓 = {𝑓𝑘}𝑘∈Z ∈ ℓ0+(Z), the sequences 𝑓 and 𝑈𝑓 are equimeasurable. Hence, every rearrangement-invariant
Banach sequence space is also translation-invariant.

A weight on Z is a sequence 𝑤 = {𝑤𝑘}𝑘∈Z of positive numbers. A weight 𝑤 = {𝑤𝑘}𝑘∈Z is said to be
symmetric if 𝑤−𝑘 = 𝑤𝑘 for all 𝑘 ∈ Z.

For a Banach sequence space 𝑋(Z) and a weight 𝑤 = {𝑤𝑘}𝑘∈Z, the weighted Banach sequence space
𝑋(Z, 𝑤) consists of all sequences 𝑓 = {𝑓𝑘}𝑘∈Z such that 𝑓𝑤 := {𝑓𝑘𝑤𝑘}𝑘∈Z belongs to 𝑋(Z). It is easy to
see that 𝑋(Z, 𝑤) is itself a Banach sequence space with respect to the norm

‖𝑓‖𝑋(Z,𝑤) := ‖𝑓𝑤‖𝑋(Z).

Lemma 7.1. If 𝑋(Z) is a rearrangement-invariant Banach sequence space and 𝑤 is a weight such that there
exist constants 𝐶, 𝑟 ∈ (0,∞) such that 1/𝑤𝑛 ≤ 𝐶|𝑛|𝑟 for all 𝑛 ∈ Z ∖ {0}, then 𝑋(Z, 𝑤) ⊂ 𝑆′(Z).

Proof. Let 𝑥 = {𝑥𝑛}𝑛∈Z ∈ 𝑋(Z, 𝑤). Then it follows from [3, Ch. 2, Corollary 6.8] that 𝑥𝑤 ∈ 𝑋(Z) ⊂ ℓ∞(Z).
Hence |𝑥𝑛𝑤𝑛| ≤ ‖𝑥𝑤‖ℓ∞(Z) for all 𝑛 ∈ Z. Therefore,

|𝑥𝑛| ≤
‖𝑥𝑤‖ℓ∞(Z)

𝑤𝑛
≤ 𝐶‖𝑥𝑤‖ℓ∞(Z)|𝑛|𝑟, 𝑛 ∈ Z ∖ {0}.

This means that 𝑥 is of slow growth.
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Let 𝑙, 𝑛 ∈ Z satisfy 𝑙 ≤ 𝑛. We call a set of the form 𝐽 = {𝑙, . . . , 𝑛} an interval of Z. Let 1 < 𝑝 < ∞ and
1/𝑝+ 1/𝑝′ = 1. A weight 𝑤 = {𝑤𝑘}𝑘∈Z is said to belong to the Muckenhoupt class 𝐴𝑝(Z) if

[𝑤]𝐴𝑝(Z) := sup
𝐽⊂Z

1
𝑚(𝐽)

(︂ ∑︁
𝑘∈𝐽

𝑤𝑝
𝑘

)︂1/𝑝(︂ ∑︁
𝑘∈𝐽

𝑤−𝑝′

𝑘

)︂1/𝑝′

< ∞,

where the supremum is taken over all intervals 𝐽 ⊂ Z. The collection of all symmetric weights in the
Muckenhoupt class 𝐴𝑝(Z) will be denoted by 𝐴sym

𝑝 (Z).

Lemma 7.2. If 𝑤 ∈ 𝐴sym
𝑝 (Z) for some 𝑝 ∈ (1,∞), then there exists 𝐶 ∈ (0,∞) such that 1/𝑤𝑛 ≤ 𝐶(|𝑛| + 1)

for all 𝑛 ∈ Z.

Proof. It is clear that 𝑤 ∈ 𝐴sym
𝑝 (Z) if and only if 𝑤−1 ∈ 𝐴sym

𝑝′ (Z), where 1/𝑝+ 1/𝑝′ = 1. By [5, Lemma 7.1],
there exists 𝐶𝑝′,𝑤−1 ∈ (0,∞) such that

𝑤𝑛

𝑤𝑛+𝑘
=
𝑤−1

𝑛+𝑘

𝑤−1
𝑛

≤ 𝐶𝑝′,𝑤−1(|𝑘| + 1), 𝑘, 𝑛 ∈ Z.

Then
1
𝑤𝑘

≤
𝐶𝑝′,𝑤−1

𝑤0
(|𝑘| + 1), 𝑘 ∈ Z.

Thus, the desired inequality holds with 𝐶 := 𝐶𝑝′,𝑤−1/𝑤0.

The above two lemmas immediately imply the following.

Corollary 7.3. If 𝑋(Z) is a rearrangement-invariant Banach sequence space and 𝑤 ∈ 𝐴sym
𝑝 (Z) for some

𝑝 ∈ (1,∞), then 𝑋(Z, 𝑤) ⊂ 𝑆′(Z).

Recall that if 𝑋(Z) is a reflexive rearrangement-invariant Banach sequence space and 𝑤 is a symmetric
weight, then 𝑋(Z, 𝑤) is a reflexive reflection-invariant Banach sequence space (see [15, Lemma 6.1]). This
observation, Corollary 7.3, and Theorem 6.1 yield the following.

Theorem 7.4. Let 𝑋(Z) be a reflexive rearrangement-invariant Banach sequence space, 𝑤 ∈ 𝐴sym
𝑝 (Z)

for some 𝑝 ∈ (1,∞), and 𝑎 ∈ 𝑀𝑋(Z,𝑤). Then 𝐿(𝑎) ∈ 𝒢ℬ(𝑋(Z, 𝑤)) if and only if 𝑎 ∈ 𝒢𝑀𝑋(Z,𝑤). If
𝑎 ∈ 𝒢𝑀𝑋(Z,𝑤), then (𝐿(𝑎))−1 = 𝐿(𝑎−1).

Let us also formulate explicitly one corollary of the above theorem, which seems to be new.

Corollary 7.5. Let 1 < 𝑝 < ∞, 𝑤 ∈ 𝐴sym
𝑝 (Z), and 𝑎 ∈ 𝑀ℓ𝑝(Z,𝑤). Then 𝐿(𝑎) ∈ 𝒢ℬ(ℓ𝑝(Z, 𝑤)) if and only if

𝑎 ∈ 𝒢𝑀ℓ𝑝(Z,𝑤). If 𝑎 ∈ 𝒢𝑀ℓ𝑝(Z,𝑤), then (𝐿(𝑎))−1 = 𝐿(𝑎−1).

8 Two lemmas on convolutions
The convolution of two sequences 𝑓 = {𝑓𝑘}𝑘∈Z and 𝑔 = {𝑔𝑘}𝑘∈Z is formally defined by

(𝑓 * 𝑔)𝑛 =
∑︁
𝑘∈Z

𝑓𝑘𝑔𝑛−𝑘, 𝑛 ∈ Z.

The aim of this section is to provide some conditions ensuring that this convolution is well defined and
associative. These conditions will play an important role in the proof of the implication (𝑖𝑖𝑖) in (1.2), which
will be given in the next section.

A weight 𝑤 : Z → (0,∞) is said to be controlled by a weight 𝑣 : Z → (0,∞) if
𝑤𝑛+𝑘

𝑤𝑛
≤ 𝑣𝑘

for all 𝑘, 𝑛 ∈ Z.
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It follows from [5, Lemma 7.1] that if 𝑤 ∈ 𝐴sym
𝑝 (Z) for some 𝑝 ∈ (1,∞), then there is a constant

𝐶𝑝,𝑤 > 0 depending only on 𝑝 and 𝑤 such that the weight 𝑤 is controlled by the weight 𝑣 defined by

𝑣𝑘 := 𝐶𝑝,𝑤(|𝑘| + 1), 𝑘 ∈ Z.

Lemma 8.1. Let 𝑋(Z) be a rearrangement-invariant Banach sequence space and let 𝑤 : Z → (0,∞) be a
symmetric weight controlled by a weight 𝑣 : Z → (0,∞). If 𝑦 = {𝑦𝑘}𝑘∈Z ∈ 𝑋 ′(Z, 𝑤−1) and 𝑥 = {𝑥𝑘}𝑘∈Z ∈
𝑋(Z, 𝑤), then for every 𝑛 ∈ Z,

|(𝑦 * 𝑥)𝑛| ≤ 𝑣−𝑛‖𝑦‖𝑋′(Z,𝑤−1)‖𝑥‖𝑋(Z,𝑤). (8.1)

Proof. The proof is similar to the proof of [5, Lemma 7.2]. By Hölder’s inequality for Banach sequence
spaces (see [3, Ch. 1, Theorem 2.4]),

|(𝑦 * 𝑥)𝑛| =
⃒⃒⃒⃒ ∑︁

𝑘∈Z

𝑦𝑘𝑥𝑛−𝑘

⃒⃒⃒⃒
≤ ‖{𝑦𝑘𝑥𝑛−𝑘}𝑘∈Z‖ℓ1(Z)

≤
⃦⃦

{𝑦𝑘𝑤
−1
𝑘 }𝑘∈Z

⃦⃦
𝑋′(Z) ‖{𝑥𝑛−𝑘𝑤𝑘}𝑘∈Z‖𝑋(Z) . (8.2)

Since the counting measure on Z is reflection-invariant and translation-invariant, we have for every 𝜆 ≥ 0,

𝑚 {𝑘 ∈ Z : |𝑥𝑛−𝑘𝑤𝑘| > 𝜆} = 𝑚 {𝑘 ∈ Z : |𝑥𝑘−𝑛𝑤−𝑘| > 𝜆} = 𝑚 {𝑙 ∈ Z : |𝑥𝑙𝑤𝑛−𝑙| > 𝜆} ,

that is, the sequences {𝑥𝑛−𝑘𝑤𝑘}𝑘∈Z and {𝑥𝑙𝑤𝑛−𝑙}𝑙∈Z are equimeasurable. Since 𝑋(Z) is rearrangement-
invariant, the above observation implies that

‖{𝑥𝑛−𝑘𝑤𝑘}𝑘∈Z‖𝑋(Z) = ‖{𝑥𝑙𝑤𝑛−𝑙}𝑘∈Z‖𝑋(Z) . (8.3)

Taking into account that 𝑤 is symmetric and is controlled by a weight 𝑣, we have
𝑤𝑛−𝑙

𝑤𝑙
= 𝑤𝑙−𝑛

𝑤𝑙
≤ 𝑣−𝑛, 𝑙, 𝑛 ∈ Z.

Hence, for all 𝑙, 𝑛 ∈ Z,
|𝑥𝑙|𝑤𝑛−𝑙 ≤ 𝑣−𝑛|𝑥𝑙|𝑤𝑙,

which implies that
‖{𝑥𝑙𝑤𝑛−𝑙}𝑙∈Z‖𝑋(Z) ≤ 𝑣−𝑛 ‖{𝑥𝑙𝑤𝑙}𝑙∈Z‖𝑋(Z) . (8.4)

Combining (8.2)–(8.4), we arrive at

|(𝑦 * 𝑥)𝑛| ≤ 𝑣−𝑛

⃦⃦
{𝑦𝑘𝑤

−1
𝑘 }𝑘∈Z

⃦⃦
𝑋′(Z) ‖{𝑥𝑘𝑤𝑘}𝑘∈Z‖𝑋(Z) ,

which immediately yields (8.1).

The following statement extends [5, Lemma 7.3].

Lemma 8.2. Let 𝑋(Z) be a reflexive rearrangement-invariant Banach sequence space, let 𝑤 : Z → (0,∞) be
a symmetric weight, and let 𝑎 ∈ 𝑀𝑋(Z,𝑤). Suppose there is a weight 𝑣 : Z → (0,∞) such that 𝑤 is controlled
by 𝑣. If 𝑦 = {𝑦𝑘}𝑘∈Z ∈ 𝑋 ′(Z, 𝑤−1) and 𝑥 = {𝑥𝑘}𝑘∈Z ∈ 𝑋(Z, 𝑤), then (𝑦 * 𝑎) * 𝑥 and 𝑦 * (𝑎 * 𝑥) are well
defined sequences and

[(𝑦 * 𝑎) * 𝑥]𝑛 = [𝑦 * (𝑎 * 𝑥)]𝑛 for all 𝑛 ∈ Z. (8.5)

Proof. It follows from [15, Theorem 5.6 and Lemma 6.1] that 𝑀𝑋(Z,𝑤) is a Banach algebra under pointwise
multiplication and the norm

‖𝑎‖𝑀𝑋(Z,𝑤) = ‖𝐿(𝑎)‖ℬ(𝑋(Z,𝑤)).

Moreover, [15, Corollary 5.4] implies that 𝑀𝑋(Z,𝑤) = 𝑀𝑋′(Z,𝑤−1) and

‖𝑎‖𝑀𝑋(Z,𝑤) = ‖𝑎‖𝑀𝑋′(Z,𝑤−1)
.
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Then
‖𝑦 * 𝑎‖𝑋′(Z,𝑤−1) ≤ ‖𝑎‖𝑀𝑋′(Z,𝑤−1)

‖𝑦‖𝑋′(Z,𝑤−1) = ‖𝑎‖𝑀𝑋(Z,𝑤)‖𝑦‖𝑋′(Z,𝑤−1) < ∞

and
‖𝑎 * 𝑥‖𝑋(Z,𝑤) ≤ ‖𝑎‖𝑀𝑋(Z,𝑤)‖𝑥‖𝑋(Z,𝑤) < ∞.

We infer from Lemma 8.1 and the above inequalities that for all 𝑛 ∈ Z,

|[(𝑦 * 𝑎) * 𝑥]𝑛| ≤ 𝑣−𝑛‖𝑦 * 𝑎‖𝑋′(Z,𝑤−1)‖𝑥‖𝑋(Z,𝑤) ≤ 𝑣−𝑛‖𝑎‖𝑀𝑋(Z,𝑤)‖𝑦‖𝑋′(Z,𝑤−1)‖𝑥‖𝑋(Z,𝑤) < ∞ (8.6)

and

|[𝑦 * (𝑎 * 𝑥)]𝑛| ≤ 𝑣−𝑛‖𝑦‖𝑋′(Z,𝑤−1)‖𝑎 * 𝑥‖𝑋(Z,𝑤) ≤ 𝑣−𝑛‖𝑦‖𝑋′(Z,𝑤−1)‖𝑎‖𝑀𝑋(Z,𝑤)‖𝑥‖𝑋(Z,𝑤) < ∞. (8.7)

So, both sequences (𝑦 * 𝑎) * 𝑥 and 𝑦 * (𝑎 * 𝑥) are well-defined.
If 𝑥, 𝑦 ∈ 𝑆0(Z), then for all 𝑛 ∈ Z,

[(𝑦 * 𝑎) * 𝑥]𝑛 =
∑︁
𝑘∈Z

(𝑦 * 𝑎)𝑘𝑥𝑛−𝑘 =
∑︁
𝑘∈Z

(︂ ∑︁
𝑗∈Z

𝑦𝑗̂︀𝑎𝑘−𝑗

)︂
𝑥𝑛−𝑘 =

∑︁
𝑘∈Z

∑︁
𝑗∈Z

𝑦𝑗̂︀𝑎𝑘−𝑗𝑥𝑛−𝑘

(*)=
∑︁
𝑗∈Z

∑︁
𝑘∈Z

𝑦𝑗̂︀𝑎𝑘−𝑗𝑥𝑛−𝑘 =
∑︁
𝑗∈Z

𝑦𝑗

(︂ ∑︁
𝑘∈Z

̂︀𝑎𝑘−𝑗𝑥𝑛−𝑘

)︂
(**)=

∑︁
𝑗∈Z

𝑦𝑗

(︂ ∑︁
𝑙∈Z

̂︀𝑎𝑙𝑥𝑛−𝑗−𝑙

)︂
=

∑︁
𝑗∈Z

𝑦𝑗(𝑎 * 𝑥)𝑛−𝑗 = [𝑦 * (𝑎 * 𝑥)]𝑛. (8.8)

The change of order of summation in (*) is justified because both sums are finite in view of the hypothesis
that 𝑥 and 𝑦 are finitely supported. Also note that we have made the change of variables 𝑙 = 𝑘 − 𝑗 in (**).

Taking into account that 𝑆0(Z) is dense in 𝑋(Z, 𝑤) and in 𝑋 ′(Z, 𝑤−1) in view of [15, Lemmas 2.1
and 6.1], for 𝑥 ∈ 𝑋(Z, 𝑤) and 𝑦 ∈ 𝑋 ′(Z, 𝑤−1), there exist sequences {𝑥(𝑚)}𝑚∈N and {𝑦(𝑚)}𝑚∈N in 𝑆0(Z)
such that

lim
𝑚→∞

⃦⃦
𝑥− 𝑥(𝑚)⃦⃦

𝑋(Z,𝑤) = 0, lim
𝑚→∞

⃦⃦
𝑦 − 𝑦(𝑚)⃦⃦

𝑋′(Z,𝑤−1) = 0. (8.9)

For every 𝑚 ∈ N, we have

(𝑦 * 𝑎) * 𝑥 = ((𝑦 − 𝑦(𝑚)) * 𝑎) * 𝑥+ (𝑦(𝑚) * 𝑎) * (𝑥− 𝑥(𝑚)) + (𝑦(𝑚) * 𝑎) * 𝑥(𝑚) (8.10)

and
𝑦 * (𝑎 * 𝑥) = (𝑦 − 𝑦(𝑚)) * (𝑎 * 𝑥) + 𝑦(𝑚) * (𝑎 * (𝑥− 𝑥(𝑚))) + 𝑦(𝑚) * (𝑎 * 𝑥(𝑚)). (8.11)

It follows from (8.6)–(8.8) and (8.10)–(8.11) that for every 𝑚 ∈ N and 𝑛 ∈ Z,

|[(𝑦 * 𝑎) * 𝑥]𝑛 − [𝑦 * (𝑎 * 𝑥)]𝑛| ≤
⃒⃒⃒
[((𝑦 − 𝑦(𝑚)) * 𝑎) * 𝑥]𝑛

⃒⃒⃒
+

⃒⃒⃒
[(𝑦(𝑚) * 𝑎) * (𝑥− 𝑥(𝑚))]𝑛

⃒⃒⃒
+

⃒⃒⃒
[(𝑦(𝑚) * 𝑎) * 𝑥(𝑚)]𝑛 − [𝑦(𝑚) * (𝑎 * 𝑥(𝑚))]𝑛

⃒⃒⃒
+

⃒⃒⃒
[(𝑦 − 𝑦(𝑚)) * (𝑎 * 𝑥)]𝑛

⃒⃒⃒
+

⃒⃒⃒
[𝑦(𝑚) * (𝑎 * (𝑥− 𝑥(𝑚)))]𝑛

⃒⃒⃒
≤2𝑣−𝑛

⃦⃦
𝑦 − 𝑦(𝑚)⃦⃦

𝑋′(Z,𝑤−1)‖𝑎‖𝑀𝑋(Z,𝑤)‖𝑥‖𝑋(Z,𝑤)

+ 2𝑣−𝑛

⃦⃦
𝑦(𝑚)⃦⃦

𝑋′(Z,𝑤−1)‖𝑎‖𝑀𝑋(Z,𝑤)

⃦⃦
𝑥− 𝑥(𝑚)⃦⃦

𝑋(Z,𝑤).

Fix 𝑛 ∈ Z. Passing to the limit as 𝑚 → ∞ in the above inequality and taking into account (8.9), we arrive
at (8.5).
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9 An analogue of the Coburn–Duduchava theorem
The following result is an extension of the version of the Coburn–Duduchava theorem proved by Böttcher
and Seybold [5, Theorem 7.4]. It provides the proof of the implication (𝑖𝑖𝑖) in (1.2).

Theorem 9.1. Let 𝑋(Z) be a reflexive rearrangement-invariant Banach sequence space, let 𝑤 : Z → (0,∞)
be a symmetric weight, and let 𝑎 ∈ 𝑀𝑋(Z,𝑤) be invertible in the Banach algebra 𝑀𝑋(Z,𝑤). Suppose there is
a weight 𝑣 : Z → (0,∞) such that 𝑤 is controlled by 𝑣. Then the discrete Wiener–Hopf operator 𝑇 (𝑎) has a
trivial kernel on 𝑋(Z+, 𝑤) or the discrete Wiener–Hopf operator 𝑇 (𝑎) has a trivial kernel on 𝑋 ′(Z+, 𝑤

−1).

Proof. The proof is analogous to that of [5, Theorem 7.4]. Assume the contrary, that is, assume that there
are 𝑥+ = {(𝑥+)𝑘}𝑘∈Z ∈ 𝑋(Z+, 𝑤) ∖ {0} and 𝑦+ = {(𝑦+)𝑘}𝑘∈Z ∈ 𝑋 ′(Z+, 𝑤

−1) ∖ {0} such that

𝑇 (𝑎)𝑥+ = 0, 𝑇 (𝑎)𝑦+ = 0.

It follows that
𝑥− := 𝐿(𝑎)𝑥+ = 𝑎 * 𝑥+

satisfies 𝑥− ∈ 𝑋(Z, 𝑤) and (𝑥−)𝑛 = 0 for 𝑛 ≥ 0. Analogously,

𝑦− := 𝐿(𝑎)𝑦+ = 𝑉 𝑎 * 𝑦+

satisfies 𝑦− ∈ 𝑋 ′(Z, 𝑤−1) and (𝑦−)𝑛 = 0 for 𝑛 ≥ 0, where 𝑉 is defined by

(𝑉 𝑓)𝑛 := 𝑓−𝑛, 𝑛 ∈ Z.

Let 𝑓 = {𝑓𝑛}𝑛∈Z, 𝑔 = {𝑔𝑛}𝑛∈Z, and ℎ = 𝑓 * 𝑔. Then for 𝑛 ∈ Z,

(𝑉 ℎ)𝑛 = ℎ−𝑛 =
∑︁
𝑘∈Z

𝑓𝑘𝑔−𝑛−𝑘 =
∑︁
𝑘∈Z

𝑓𝑘𝑔−𝑛−𝑘 =
∑︁
𝑘∈Z

𝑓−𝑘𝑔−𝑛+𝑘 =
∑︁
𝑘∈Z

(𝑉 𝑓)𝑘(𝑉 𝑔)𝑛−𝑘 = (𝑉 𝑓 * 𝑉 𝑔)𝑛,

that is,
𝑉 (𝑓 * 𝑔) = 𝑉 𝑓 * 𝑉 𝑔.

Taking into account the above equality and Lemma 8.2, we get

𝑉 𝑦− * 𝑥+ = 𝑉 (𝑉 𝑎 * 𝑦+) * 𝑥+ = (𝑉 2𝑎 * 𝑉 𝑦+) * 𝑥+ = (𝑎 * 𝑉 𝑦+) * 𝑥+

= (𝑉 𝑦+ * 𝑎) * 𝑥+ = 𝑉 𝑦+ * (𝑎 * 𝑥+) = 𝑉 𝑦+ * 𝑥−. (9.1)

If 𝑛 ≤ 0, then we write

(𝑉 𝑦− * 𝑥+)𝑛 =
0∑︁

𝑘=−∞

(𝑦−)−𝑘(𝑥+)𝑛−𝑘 +
∞∑︁

𝑘=1

(𝑦−)−𝑘(𝑥+)𝑛−𝑘.

Note that the first term is equal to zero because (𝑦−)−𝑘 = 0 for 𝑘 ≤ 0, the second term is also equal to zero
because 𝑛− 𝑘 > 0 and (𝑥+)𝑛−𝑘 = 0 for 𝑘 ≥ 1. Thus,

(𝑉 𝑦− * 𝑥+)𝑛 = 0 for 𝑛 ≤ 0. (9.2)

Analogously, if 𝑛 ≥ 0, then write

(𝑉 𝑦+ * 𝑥−)𝑛 =
0∑︁

𝑘=−∞

(𝑦+)−𝑘(𝑥−)𝑛−𝑘 +
∞∑︁

𝑘=1

(𝑦+)−𝑘(𝑥−)𝑛−𝑘

The first term is equal to zero because 𝑛− 𝑘 ≥ 0 and (𝑥−)𝑛−𝑘 = 0 for 𝑘 ≤ 0. The second term is equal to
zero because (𝑦+)−𝑘 = 0 for 𝑘 > 0. Thus,

(𝑉 𝑦+ * 𝑥−)𝑛 = 0 for 𝑛 ≥ 0. (9.3)
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It follows from (9.1)–(9.3) that

(𝑉 𝑦− * 𝑥+)𝑛 = 0 = (𝑉 𝑦+ * 𝑥−)𝑛 for 𝑛 ∈ Z. (9.4)

Thus,
𝑉 𝑦+ * 𝑥− = 0.

Since (𝑦+)−𝑘 = 0 for 𝑘 > 0 and (𝑥−)𝑛−𝑘 = 0 for 𝑛− 𝑘 ≥ 0, the nonzero terms in the expression

(𝑉 𝑦+ * 𝑥−)𝑛 =
∑︁
𝑘∈Z

(𝑦+)−𝑘(𝑥−)𝑛−𝑘

may only appear if 𝑛+ 1 ≤ 𝑘 ≤ 0. So, it follows from (9.4) that if 𝑛 ≤ −1, then

0 = (𝑉 𝑦+ * 𝑥−)𝑛 =
0∑︁

𝑘=𝑛+1

(𝑦+)−𝑘(𝑥−)𝑛−𝑘 =
−𝑛−1∑︁
𝑘=0

(𝑦+)𝑘(𝑥+)𝑛+𝑘. (9.5)

Since 𝑦+ ∈ 𝑋 ′(Z+, 𝑤
−1) ∖ {0}, there exists 𝑚 ∈ Z+ such that (𝑦+)𝑘 = 0 for 𝑘 < 𝑚 and (𝑦+)𝑚 ̸= 0.

For 𝑗 ∈ N, take 𝑛 = −𝑚− 𝑗 in (9.5). Then

0 =
𝑚+𝑗−1∑︁

𝑘=𝑚

(𝑦+)𝑘(𝑥−)𝑘−𝑚−𝑗 , 𝑗 ∈ N,

that is,

(𝑦+)𝑚(𝑥−)−1 = 0,
(𝑦+)𝑚(𝑥−)−2 + (𝑦+)𝑚+1(𝑥−)−1 = 0,
(𝑦+)𝑚(𝑥−)−3 + (𝑦+)𝑚+1(𝑥−)−2 + (𝑦+)𝑚+2(𝑥−)−1 = 0,
. . .

Since (𝑦+)𝑚 ̸= 0, the first of the above equalities implies that (𝑥−)−1 = 0, then the second of the above
equalities yields (𝑥−)−2 = 0, and so on. Hence,

0 = (𝑥−)−1 = (𝑥−)−2 = (𝑥−)−3 = . . .

Thus 𝑥− = 0, which implies that 𝐿(𝑎)𝑥+ = 0.
Since 𝑎 ∈ 𝑀𝑋(Z,𝑤) is invertible in the Banach algebra 𝑀𝑋(Z,𝑤), the operator 𝐿(𝑎) is invertible with

the inverse 𝐿(𝑎−1). Therefore,

𝑥+ = 𝐿(𝑎−1)𝐿(𝑎)𝑥+ = 𝐿(𝑎−1)𝑥 = 0.

This contradicts our assumption.

10 Proof of the main result
Let us prove Theorem 1.1. Recall that every rearrangement-invariant space is translation-invariant. So,
we can apply Theorem 5.1. If 𝑇 (𝑎) ∈ Φ(𝑋(Z+)), then 𝐿(𝑎) ∈ 𝒢ℬ(𝑋(Z)) by Theorem 5.1. In that case,
𝑎 ∈ 𝒢𝑀𝑋(Z) in view of Theorem 7.4 (with 𝑤 = 1). Then, by Theorem 9.1 (again, with 𝑤 = 1),

𝛼(𝑇 (𝑎)) = dim Ker𝑇 (𝑎) = 0 or 𝛼(𝑇 (𝑎)) = dim Ker𝑇 (𝑎) = 0. (10.1)

It remains to prove the implication (𝑖𝑣) in (1.3). Since 𝑇 (𝑎) is Fredholm, the subspaces Ker𝑇 (𝑎) and
Im𝑇 (𝑎) have direct complements in 𝑋(Z+) (see, e.g., [1, Lemma 4.39]).
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Suppose
𝜅 = Ind𝑇 (𝑎) = 𝛼(𝑇 (𝑎)) − 𝛽(𝑇 (𝑎)) ≤ 0. (10.2)

If 𝛼(𝑇 (𝑎)) > 0, then 𝛼(𝑇 (𝑎)) = 0 (see (10.1)). Therefore, Lemma 3.1 and [1, Theorem 4.42] imply that

𝛽(𝑇 (𝑎)) = 𝛼((𝑇 (𝑎))*) = 𝛼(𝑇 (𝑎)) = 0,

which contradicts (10.2). Hence, Ker𝑇 (𝑎) = {0}. Since the kernel of 𝑇 (𝑎) is trivial and the image of 𝑇 (𝑎) is
complemented, the operator 𝑇 (𝑎) is left-invertible on 𝑋(Z+) in view of [11, Ch. 2, Theorem 5.1].

The case 𝜅 ≥ 0 is considered in a similar fashion. Suppose

𝜅 = Ind𝑇 (𝑎) = 𝛼(𝑇 (𝑎)) − 𝛽(𝑇 (𝑎)) ≥ 0. (10.3)

If 𝛼(𝑇 (𝑎)) > 0, then 𝛼(𝑇 (𝑎)) = 0 (see (10.1))). Therefore, Lemma 3.1 and [1, Theorem 4.42] yield that

𝛽(𝑇 (𝑎)) = 𝛼((𝑇 (𝑎))*) = 𝛼(𝑇 (𝑎)) > 0,

so 𝛼(𝑇 (𝑎)) −𝛽(𝑇 (𝑎)) < 0, which contradicts (10.3). Thus, 𝛽(𝑇 (𝑎)) = 0. This implies that Im𝑇 (𝑎) = 𝑋(Z+).
Since 𝑇 (𝑎) is surjective and the kernel of 𝑇 (𝑎) is complemented, it follows from [11, Ch. 2, Theorem 5.2]
that 𝑇 (𝑎) is right-invertible on 𝑋(Z+).

Finally, if 𝜅 = 0, then it follows from the above that 𝑇 (𝑎) is simultaneously left-invertible and right-
invertible. Thus 𝑇 (𝑎) is invertible on 𝑋(Z+) if and only if it is Fredholm and its index is equal to zero.
Formula (1.1) is just a reformulation of this statement.
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