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Abstract: Let X (Z) be a reflexive rearrangement-invariant Banach sequence space and let a be a periodic
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Hopf operator T'(a) is Fredholm on the subspace X(Zy) = {f = {frtrez € X(Z) : fr, =0 for k < 0} and
has index k, then T'(a) is left-invertible if k < 0, right-invertible if £ > 0, and invertible if £ = 0. The proof
is based on ideas by Hartman—Wintner (1954), Coburn (1966), Simonenko (1968), and Duduchava (1975),
who proved the analogous result for ¢?(Z) and ¢P(Z) with 1 < p < oco.
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1 Introduction

For a Banach space X, let B(X) and K(X') denote the Banach algebra of all bounded linear operators on X
and its closed two-sided ideal consisting of all compact linear operators on X, respectively. An operator
A € B(X) is said to be Fredholm on X if a(A4) := dim Ker A < oo and $(4) := dim X/ Im A < oo, where
Ker A:={z € X : Az =0} and Im A := A(X) are the kernel and the range of A, respectively. The set of
all Fredholm operators on X will be denoted by ®(X). For each A € ®(X), the index of A is defined by

Ind A := a(A) — B(A).

For a unital Banach algebra A, let GA denote the group of all invertible elements of .A. The spectrum and
the essential spectrum of an operator A € B(X) are defined by

Spec A := {/\G(C : A—)\I§ZQZS’(/'\f')}7 Spec, A = {/\E(C : A—)Jgé@(z’\’)},

respectively. It is clear that Spec, A C Spec A.

Let £°(Z) denote the linear space of all sequences f = {fix}rez with f € C for all k € Z. Let
X(Z) C £°(Z) be a separable Banach sequence space (see [3, Ch. 1] and Section 2 below). The class of
Banach sequence spaces includes classical Lebesgue sequence spaces £P(Z) with 1 < p < oo, Orlicz sequence
spaces ¢®(Z), and Lorentz sequence spaces /P4(Z) with 1 < p < oo, 1 < ¢ < oo, among others, as well as
their weighted analogues.
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Let P’ be the space of periodic distributions (see, e.g., [2, Ch. 3 and 5]) and let Sp(Z) denote the set of
all finitely supported sequences. For a € P’ and ¢ € So(Z), we define the convolution a * ¢ as the sequence

(ax@); = @j-kpr, JjEZ,
kez

where {a;};ez is the sequence of Fourier coefficients of the distribution a. By M x(z) We denote the collection
of all distributions a € P’ for which a * ¢ € X (Z) whenever ¢ € So(Z) and

HG*SOHX(Z)

: @ € So(Z), gp;é()} < 0.
H<PHX(Z)

oy = sup {
Since Sp(Z) is dense in X (Z) whenever X (Z) is separable (see [13, Lemma 3]), for a € Mx g, the operator
from So(Z) to X(Z) defined by ¢ + a * ¢ extends to a bounded operator

L(a): X(Z) = X(Z), ¢+ ax*o,

which is referred to as the Laurent operator with symbol a.

It is known that M (z) coincides with the Wiener algebra W and Myz(z) is L°°(—m,7), the space
of all 27-periodic essentially bounded functions. In all other cases, a reasonable description of My z) is
unknown. If X (Z) is reflexive and reflection-invariant, then Mx (7 is continuously embedded into L°°(—m, )
and is a Banach algebra with respect to pointwise operations and the norm |la||ary,, = [[L(a)ll5x(z))
(see [15, Theorems 5.5-5.6]). If X (Z) is translation-invariant, then the Young convolution inequality (see
[13, Theorem 6]) implies that W C Mx z). Under some technical conditions (which we do not require
in the main result of this paper), Mx (z) contains all 27-periodic functions of bounded variation (see [15,
Theorem 1.2(c)]).

Let Zy := {0,1,2,...} and let P denote the discrete Riesz projection on X(Z) defined for ¢ =

{vj}jez € X(Z) by

Py); =
(Fe); {0 if j € Z\Z.

Consider the following subspaces of X (Z):

So(Z4) := PSo(Z) = {¢ = {pj}jez € So(Z) : pj =0 for j € Z\ L4},
X(Z4):=PX(Z)={p={pj}ljez € X(Z): p; =0for j € Z\Z}.

The subspace So(Z4) is dense in X (Z, ) if the space X (Z) is separable in view of [13, Lemma 3]. Therefore,
for every a € Mx ), the operator from So(Zy) to X(Z4) defined by ¢ + P(a * ¢), extends to a bounded
operator

T(a): X(Z4) > X(Zy), ¢ Plasg),

which is referred to as the discrete Wiener—Hopf (or Toeplitz) operator with symbol a. Clearly, we have

1T(a)llB(x(z.)) < IL(a)|lB(x(z))-
Moreover, if X (Z) is reflexive and rearrangement-invariant (see [3, Ch. 2] and Section 7 below), then for
every a € Mx(z), one has

L(a) + Kllgxz)) = IT(a)Bxz,)) = nf  |T(a) + K|lg(x(z,))

I _ .
IL(a)|lB(x (z)) Kek(X(24))

inf
KeK(X(Z))
(see [14, Theorem 2.6]).

The Fredholm theory of discrete Wiener—Hopf operators on ¢P(Zy) with 1 < p < oo is a classical topic
of operator theory. For various classes of symbols, it is well documented in the monographs by Gohberg and
Fel’dman [10], Prossdorf [18], Bottcher and Silbermann [6, 7]. Recently, the authors have begun to extend
this theory to the setting of more general Banach sequence spaces (see [13-15]). The aim of this paper is to
make one more step in this direction.
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Our main result is the following theorem, which has its roots in the works by Hartman and Wintner
[12], Coburn [8], Simonenko [21], and especially Duduchava [9], who was the first to consider discrete
Wiener-Hopf operators with discontinuous symbols on ¢P(Z,.) for p # 2. It is our pleasure to dedicate this
paper to Professor Roland Duduchava on the occasion of his 80th birthday.

Theorem 1.1. Let X(Z) be a reflexive rearrangement-invariant Banach sequence space and a € Mx (z).
Suppose the discrete Wiener—Hopf operator T'(a) : X(Z4) — X(Z4.) is Fredholm and has index k. Then
T(a) is left-invertible if k < 0, right-invertible if k > 0, and invertible if kK = 0. Moreover,

SpecT'(a) = Spec, T'(a) U{X € C\ Spec, T(a) : IndT(a — X) # 0}. (1.1)
The scheme of the proof is as follows:

T(a) € ®(X(Z1)) “2 Lia) € GB(X(Z)) 2 aegMyp 2 a(T(a) =0or o(T(@)=0 (1.2)

and
T(a) is left-invertible if IndT(a) <0,
T d(X(Z )
{ (T )(;lleo ( ((T'Ez))’) —0 “:Ug T'(a) is right-invertible if Ind7'(a) > 0, (1.3)
af@y=noraiie)y = T'(a) is invertible if IndT(a)=0.

Hartman and Wintner [12, Part I] proved that the spectrum of the Toeplitz operator ¥(a) with a
real-valued 27-periodic symbol a € L®(—n, ) on the Hardy space H? is equal to the segment [m, M],
where m := essinf a(t) and M := esssup a(t). Simonenko’s result [21, Lemma 2] can be restated as follows:
if a € L (—m,m) and T(a) is Fredholm on a Hardy space HP with 1 < p < oo, then a € GL*°(—m, 7). Since
the Toeplitz operator T(a) on H? and the discrete Wiener—Hopf operator T'(a) on ¢?(Zy) are unitarily
equivalent and My zy = L°°(—m,m), one has T'(a) € ®((%(Zy)) = a € GL®(—7,7), which gives the
implications (i) and (i) for £2(Z). Béttcher and Silbermann [7, Propositions 2.28(b) and 2.30(b)] proved
the implications (7) and (i7) for ¢P(Z) with 1 < p < oo and coined this result as the “Hartman—Wintner
theorem” (although the attribution “Hartman—Wintner—Simonenko theorem” used later by Béttcher and
Karlovich for Toeplitz operators in [4, Theorem 6.20], is probably more correct).

Coburn observed in the proof of [8, Theorem 4.1] that if @ € L™ (—m,w) \ {0}, then for the Toeplitz
operator T(a); H?2 — H?, one has a(%(a)) = 0 of a(%(a)) = 0. Simonenko [21, Theorem 5] proved this
fact independently for HP? with 1 < p < oo (in the equivalent language of the Riemann boundary value
problem). Inspired by these results, Duduchava [9] proved that if @ € Mgz \ {0} with 1 < p < oo, then
a(T(a)) =0 or o(T'(a)) = 0. Note that Duduchava’s result is stronger than the implication (ii7) for ¢P(Z).
Its proof given in [7, Proposition 2.38(b)] essentially uses the fact that for 1 < p < oo, either ¢P(Z) or its
dual (/P (Z))* = ¢¢'(Z), where 1/p + 1/p’ = 1, is contained in ¢2(Z). Note that this is not the case for more
general Banach sequence spaces (for instance, weighted ¢P spaces). Bottcher and Seybold [5, Theorem 7.4]
were able to prove the implication (4i7) for the case of weighted ¢P spaces with symmetric Muckenhoupt
weights.

Our paper is organised as follows. In Section 2, we recall the definition of a Banach sequence space
and its associate space X'(Z), as well as the fact that if X (Z) is separable, then X’(Z) = (X(Z))*. In
Section 3, we prove that if X (Z) is reflexive, then (L(a))* = L(a) on X'(Z) = (X(Z))* and (T'(a))* = T'(a)
on X'(Z+) = (X(Z4))* with respect to the pairing (f,g) = >, <y frk- Section 4 is a warmup before
the proof of the implication (¢). There we prove that if X (Z) is reflexive and translation-invariant, then
L(a) € ®(X(Z)) if and only if L(a) € GB(X(Z)). Section 5 is dedicated to the proof of the implication
(7) in the setting of reflexive translation-invariant Banach sequence spaces. In Section 6, we prove the
implication (#7) and its converse for reflexive reflection-invariant Banach sequence spaces contained in the
set S’(Z) of all sequences of slow growth. In Section 7, we prove that if X (Z) is rearrangement-invariant
and w = {wy, }rez is a symmetric Muckenhoupt weight in Ay (Z) for some p € (1, 00), then the weighted
Banach sequence space X (Z,w) = {f = {fx}rez € £2(Z) : fw = { fxwi }rez € X(Z)} is contained in S'(Z).
This allows us to reformulate the implication (i) and its converse for X (Z,w). In Section 8, we extend [5,
Lemmas 7.2-7.3] and give some conditions guaranteeing that a formally defined convolution x * y of two
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sequences © = {xg }xez and y = {yx }rez is well defined and associative. These facts are used in Section 9,
where we extend [5, Theorem 7.4] and prove the implication (éi7) in the setting of a weighted Banach
sequence space X (Z,w) built upon a reflexive rearrangement-invariant Banach sequence space X (Z) and a
symmetric weight w “controlled” by another weight v. All above gives the proof of the implications (i)—(4%)
for reflexive rearrangement-invariant Banach sequence spaces. In Section 10, we provide the standard proof
of implication (#v) for the sake of completeness.

2 Banach sequence spaces

Let ¢9.(Z) be the cone of nonnegative sequences in £°(Z). According to [3, Ch. 1, Definition 1.1], a Banach
function norm o : Ei (Z) — [0, 0] is a mapping that satisfies the following axioms for all f,g € ZQF(Z), for
all sequences {f(™},cn in ¢%.(Z), for all finite subsets £ C Z, and all constants o > 0:

>

1 o(f) =0 =0, olaf) = ao(f), o(f +9) < o(f) + e(9),
A2 0<g<f = o(9) <o(f) (the lattice property),

(A1)
(A2)
(A3)  0< 1S = off") 1t o(f) (the Fatou property),
(A1)  o(1p) < oo,
(A5) > fr < Crolf),

keE

where 1 is the characteristic (indicator) function of E, and the constant Cg € (0, 00) may depend on o
and F, but is independent of f. The set X (Z) of all sequences f € £°(Z) for which o(|f|) < 0o is called a
Banach sequence space. For each f € X (Z), the norm of f is defined as

£l xz) := o(lf])-

The set X(Z) equipped with the natural linear space operations and this norm becomes a Banach space
(see [3, Ch. 1, Theorems 1.4 and 1.6]). If ¢ is a Banach function norm, its associate norm ¢’ is defined on
. (Z) as
o'(9) == sup { D Irgk  f=Aftkez € 65(2), olf) < 1}, g€ 5.(2).
keZ

It is a Banach function norm itself [3, Ch. 1, Theorem 2.2]. The Banach sequence space X’(Z) determined
by the Banach function norm o’ is called the associate space (Kéthe dual) of X (Z). It follows from the
Holder inequality for Banach sequence spaces (see [3, Ch. 1, Theorem 2.4]) that X’(Z) can be viewed as a
subspace of the Banach dual space (X (Z))*.

If X(Z) is separable, then (X (Z))* and X'(Z) are isometrically isomorphic (see [3, Ch. 1, Corollaries 4.3
and 5.6]). More precisely, for every F' € (X(Z))* there is a unique y = {yn }nez € X’(Z) such that for all
2= {Eakner € X(Z),

Fo) = (@y) = 3 ouln (2.1)
neZ

and || Fllx 2y = lyllx(z)-

3 Adjoint operators of Laurent and discrete Wiener—Hopf
operators

In most of our results, we will assume that X (Z) is reflexive, which is equivalent to separability of both
X (Z) and X'(Z) (see [3, Ch. 1, Corollaries 4.4 and 5.6]). In that case, (X (Z))* is isometrically isomorphic
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to X'(Z) and (X(Z+))* is isometrically isomorphic to X’(Z4) with respect to the pairing defined in (2.1)
(see [14, Lemma 2.1]). Moreover, since both X(Z) and X'(Z) are separable, the set Sy(Z) is dense in both
X(Z) and X'(Z) and the set So(Z4) is dense in both X(Zy) and X'(Z4) (see [13, Lemma 3]).

Recall that the complex conjugate @ of a 27-periodic distribution is defined as @(u) := a(a) for u € P,
where P is the set of all infinitely differentiable 2m-periodic functions from R to C.

The following standard fact will be repeatedly used in what follows.

Lemma 3.1. Let X(Z) be a reflexive Banach sequence space. If a € Mx (z), then a € Mx/(z)y and

(L(a))" = L(a) € B(X'(2)), (T(a))" =T(a) € B(X'(Z4)).
Proof. If a € Mx (z), then @ € Mx(z) (see [15, Lemma 5.2]). Hence L(a) € B(X(Z)), L(a) € B(X'(Z)) and
T(a) € B(X(Z4)), T(a) € B(X'(Z4)). It is easy to check that
(Lla)p, ¥) = (o, L(@)),  »,¢ € So(Z) 3.1)

(see the proof of [15, Lemma 5.2]). Let f € X(Z) and g € X'(Z). In view of the density of So(Z) in X (Z)
and in X'(Z), there exist sequences (™, (™ e Sy(Z), n € N, such that
1 =™ lx@ =0, llg =™ x@ 0 asn— oo, (32)

It follows from (3.1) and Holder’s inequality for Banach sequence spaces (see [3, Ch. 1, Theorem 2.4]) that

(L(a)f,9) — (f. L@)g)| < |(L(a)f.g) — (L(a)e™, g)| + | (L(a)e™, g) — (L(a)p™,¢v™)]
+[(L(@)e™), ™) = (o), L@y ™)
+ (¢, L@y ™) = (f L@w™ |+!(f L(aw™) - (f. L(@yg)|

= HL (a) (f_‘P(n HX(Z)HgHX'(Z) + HL (a)e Hx(z)||g_¢ HX'(Z)
+ ||90(n) - fHX(Z)||L(a)1/’(n)HX/ + ”fHX(Z)HL(a) (¢(n) *g)HX/(Z)

< IL@)llscx @ llallx @ || f — o™

X(z)

i o () ) _
L@ soriay (5 16 g ) o= o

L@ e (n) ) (n) _
+IL(@) ls(x(z)) (ilelg [0 50 ) lle llx
+ L@l x| fll x @y [0 = ng'(Z)'

The above inequality and (3.2) imply that

(L(a)f,9) = (f,L(@)g), feX(Z), geX'(Z).

This means that (L(a))* = L(a) € B(X'(Z2)).
The proof of the equality (T'(a))* = T'(a) € B(X'(Z)) is analogous. Similarly to (3.1) established in the
proof of [15, Lemma 5.2], one can prove that

(T(a)p, ¥) = (Plax ), ¥) = (¢, P(axy)) = (o, (@), ¢,9 € So(Zy). (3.3)

Since So(Z+) is dense both in X(Z4) and in X'(Zy), T(a) € B(X(Z+)), and T(a) € B(X'(Z4)), arguing
as above, we can prove that (3.3) implies that

(T(a)f7 g) = (ﬂT(E)g), I e X(Z+)7 g€ X/(Z-l-)a

which means that (T'(a))* = T'(@) € B(X'(Z4)). O



6 = O. Karlovych and S. Thampi, Fredholm discrete Wiener—Hopf operators DE GRUYTER

4 Fredholmness of Laurent operators is equivalent to their
invertibility

For ¢ = {¢;}jez € (°(Z), define the translation (shift) operator

(U@)] = Pji-1, .7 € Z.

A Banach sequence space X (Z) is said to be translation-invariant if Uy € X(Z) and [|Up| x(z) = ll¢llx(z)
for all ¢ = {p;},ez € X(Z). If X(Z) is translation-invariant, then it is clear that U ! is a bounded operator
on X(Z) given by

U'9)j =¢jt1, JEZ

As usual, U% :=T and U™ := (U~1)" for n € N. It is easy to see that U™ xz)) = 1 for all m € Z.
The following result is analogous to [7, Proposition 2.29(d)].

Theorem 4.1. Let X(Z) be a reflexive translation-invariant Banach sequence space and a € Mx (z). Then
L(a) € ®(X(Z)) if and only if L(a) € GB(X(Z)).

Proof. The sufficiency part is trivial. Let us prove the necessity portion.
Suppose L(a) is Fredholm. Then, by [17, Ch. I, Theorem 3.1], there exists R € B(X(Z)) such that

RL(a)— I =K1, L(a)R—1I= K>, (4.1)
where K1, Ko € K(X(Z)). It is clear that R # 0. It follows from [14, Lemma 2.3(a)] that
U "L(a)U™ = L(a), neN. (4.2)
It follows from the first equality in (4.1) and equality (4.2) that for all f € X(Z) and all n € N,
f=UTRUM)U " L(a)U")f — (U T"K,U")f = (U "RU"™)L(a) f — (U " K U"™)f.
Since the operators U%" are isometries on X (Z), the above equality implies that for all f € X(Z) and
n €N,
Ifllxz) < IUT"RU"[px @) I L(a) fllx @) + (UK U™) fllx (z)
= |Rlsx@pyllL(a) fllx @)y + I(U"KU") fllx(z)-

It follows from [14, Lemma 2.2(a)] that

lim (UK U")fllx(z) = 0.

n—oo
Hence, for all f € X(Z),
I fllxz) < IRlBx@)IL(@)fllxz)-
Since R # 0, the above inequality implies that Ker L(a) = {0}.
It follows from the second equality in (4.1) and Lemma 3.1 that
R*(L(a))* —I*=R*L(a) — I = K;.

Note that K3 € K(X'(Z)) in view of [20, Theorem 4.19]. Repeating the above argument with L(a@) acting
on X'(Z) in place of L(a) acting on X (Z), we conclude that for all g € X'(Z),

91l x- @) < 1B [[8(x (2 1L(@)9] x(z)-

Hence, Ker L(a) = {0}. Therefore, by [20, Corollary (b) to Theorem 4.12], Im L(a) is dense in X (Z). Since
L(a) is Fredholm, Im L(a) is closed in X (Z) (see, e.g., [1, Lemma 4.38]). Thus Im L(a) = X (Z). So, L(a) is
bijective. In view of the Banach isomorphism theorem, L(a) is invertible on X (Z). O
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5 An analogue of the Hartman—Wintner—-Simonenko theorem

Now we are in a position to prove the implication (i) in (1.2).

Theorem 5.1. Let X(Z) be a reflexive translation-invariant Banach sequence space. If a € Mx (zy and
T(a) € ®(X(Z4)), then L(a) € GB(X(Z)).

Proof. The proof is analogous to that of [7, Proposition 2.30(b)]. Since the space X (Z) is reflexive, the set
So(Z) is dense in X(Z) and in its associate space X'(Z) (see [15, Lemma 2.1(b)]).
Let T'(a) € ®(X(Z4)). Then dim Ker T'(a) < co. It follows from [17, Ch. I, Lemma 2.1] that there is an
operator K € K(X(Z4)) and a constant § > 0 such that for all ¢ € X(Z,),
IT(a)ellx(zy) + 1K@l x@zy) 2 0llelx @) (5.1)
Let @ := I — P. Since for all ¢ € X(Z), one has ¢ = Py € X(Z4) and
1Vl x 2y < 1PVl xz) + 1@Vl x(z),
inequality (5.1) implies that
[PL(a) Py xz) + | PKPY| xz) + QY| x(z) = dll¥l x(z)-

Since X (Z) is translation-invariant, for every ¢ € X(Z) and every n € N, one has U™y € X(Z). Therefore,
it follows from the above inequality that

|PL(a)PU™ | x (z) + [[PKPU™ | x(z) + §|QU" Y| x(z) = U Y| x(z)-

Note that U~ are isometries on X (Z) for all n € Z, so the above inequality yields that for all n € N and
all v € X(Z),

[UT"PL(a)PU || x (z) + U PKPU" )| xz) + 0IU" QU xz) = 0|v)l x(z)- (5.2)
Since K € K(X(Z+)), we have PKP € K(X(Z)). In this case it follows from [14, Lemma 2.2(a)] that
lim U PKPU™]|x(z) = 0. (5.3)

By [14, Lemma 2.3(a)], we have
U™ "PL(a)PU" = (U"PU™)L(a)(U""PU"). (5.4)

For every set F C R, we denote by 1 the characteristic (indicator) function of the set F NZ considered
as an element of ¢4 (Z). Let f € So(Z). It is easy to see that U~ "PU" f = 1{_p,4o0)f for all n € N. Since
f has finite support, this equality implies that

dim [UT"PU f = fllx(z) = Hm |[1(—co,—n—1]fllx(z) = 0- (5.5)
It is evident that for all n € N,
[UT"PU™ = I||g(x(z)) < 2. (5.6)
It follows from (5.5)—(5.6) and [19, Lemma 1.4.1(b)] that U~ PU™ — I strongly as n — oo. This observation,
(5.4) and [19, Lemma 1.4.4] imply that U="QU™ = I-U~""PU"™ — 0 and U "PL(a)PU™ — L(a) strongly
as n — oco. Thus, for all ¥ € X(Z),

Jim [UTQUM xzy =0, lim U PL()PU x(z) = |1L(@)d]x ) (5.7)

Passing to the limit in inequality (5.2) as n — oo and taking into account equalities (5.3) and (5.7), we
conclude that
[L(a)¥llx(z) = 0ll¥llx@), @€ X(Z).

This means that Ker L(a) = {0}.

It follows from Lemma 3.1 and [1, Theorem 4.42] that the operator (T(a))* = T'(@) is Fredholm on
the space X'(Z4) = (X(Z4))*. Repeating the above argument for T'(@) acting on X'(Z.) in place of T(a)
acting on X (Z ), we conclude that Ker L(a) = {0}. Thus L(a) is invertible on X (Z) (see the end of the
proof of Theorem 4.1). O
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6 Invertibility of Laurent operators is equivalent to invertibility
of corresponding periodic multipliers

We say that a Banach sequence space X (Z) is reflection-invariant if ||| x (zy = ||| x(z) for every ¢ € X(Z),
where ¢ denotes the reflection of a sequence ¢ = {¢y }rez defined by ¢ := ¢_y, for k € Z.

A sequence ¢ = {¢ }rez is said to be of slow growth if there are some positive constants ¢ and r such
that |pg| < c|k|" for all k € Z \ {0}. The set of all sequences of slow growth is denoted by S’(Z).

The following result is analogous to [7, Proposition 2.28(b)].

Theorem 6.1. Let X(Z) be a reflexive reflection-invariant Banach sequence space such that X (Z) C S'(Z)
and let a € Mx zy. Then L(a) € GB(X(Z)) if and only if a € GMx (z). If a € GMx (z), then (L(a))~t =
L(a™1).
Proof. Sufficiency. Recall that if X (Z) is reflexive and reflection-invariant, then M ) is a Banach algebra
under pointwise multiplication (see [15, Theorem 5.6]). If a € GM x(7) and b € Mx (z) is the inverse of a,
then
L(a)L(b) = L(ab) = L(1) =1, L(b)L(a) = L(ba) = L(1) =1,

that is, L(b) is the inverse of L(a).

Necessity. Suppose L(a) € GB(X(Z)) and B is the inverse of L(a) in B(X(Z)). The invertibility of L(a)
implies that the equation L(a)p = eg has a solution ¢ = {¢n }nez € X(Z). Then

R 1 ifj=0,
(ax )y =D @j-ker = (c0)j = | (6.1)
ez 0 otherwise.
Since X (Z) C S'(Z), by [2, Ch. 5, Theorem 1.2], there exists a distribution b € P’ such that
by =n, neZ. (6.2)
For this b € P’ and for ¢ = {¢; ez € So(Z), consider

(L(b)w)i = (b * 1/})1 = Zgi_j¢j’ i€ 7.

JEZL

It follows from (6.1)—(6.2) that for all j € Z,

(L@ LO); = 3 a5 w(Lb)) = Zaj_k( ) Zk_mzz)m)

keZ kezZ, meZ
= Zaj—k( Z Spk—mwm) = Z (Zaj_k(pk_m)ﬂ)m
keZ meZ meZ “keZ
=3 (St )i = X el = 5 69
meEZ ~i€L mez

Note that the change of order of summation is possible because 1) € Sy(Z), and so one of the sums is finite.
Analogously,

(LO)L@D); = 3 by-r(Lla)o) = Zm( ) ak_mzﬁm)

kEZ kEZ MEZL
= Z @j—k( Z ak—m'@bm) = Z (Z @j_kak_m)lj)m
keZ meZ meZ “keZ
=2 (Z@miw)wm = > (e0)jmmtom = ¥;. (6.4)

meZ i€’ meZ
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Taking into account that B = (L(a))~!, we conclude from (6.3)(6.4) that for all ¢ = {1);}scz € So(Z),
(BY)i = (L(b))i = (b* )i, i€ (6.5)

Since the operator B is bounded, it follows from (6.5) that

I+ ¥llx 2
[ Ry S {”

lxa “SO(Z)\{O}}
= sup {W}'X(Z) e So(Z)\ {0}} < IBll(x(z)) < oo

1BV x(z)

Therefore, b € Mx (7).
It remains to show that b € Mx (z) is the inverse of a € Mx (z). Since Mx (z) < L*(—m,m) (see [15,
Theorem 5.5]), we conclude that a,b € L>(—n, ) < L?(—n, 7). Therefore, ab € L?(—m, ) and

(@b)n = > Gnkbr, nEZL. (6.6)
kEZ

Combining (6.1)—(6.2) and (6.6), we see that (a?))n = 1, for all n € Z. By the uniqueness theorem for
Fourier series (see, e.g., [16, Ch. 1, Theorem 2.7]), ab = 1 a.e. on (—m,m). Thus, b is the inverse of a in

7 When is a weighted rearrangement-invariant Banach sequence
space contained in S’(Z)?

The distribution function of a sequence f = { fy}rez € £°(Z) is defined by
di(N) :==m{k € Z: |fi] > A}, A>0,

where m(S) denotes the measure (cardinality) of a set S C Z. One says that sequences f = {fx}rez,
g = {gr}trez € L°(Z) are equimeasurable if dy = dy. A Banach function norm o : ¢ (Z) — [0, 00] is said
to be rearrangement-invariant if o(f) = o(g) for every pair of equimeasurable sequences f = {fx}rez,
g = {gr}trez € 9.(Z). In that case, the Banach sequence space X (Z) generated by o is said to be a
rearrangement-invariant Banach sequence space (cf. [3, Ch. 2, Definition 4.1]). It follows from [3, Ch. 2,
Proposition 4.2] that if a Banach sequence space X(Z) is rearrangement-invariant, then its associate
space X'(Z) is also a rearrangement-invariant Banach sequence space. It is easy to see that, for every
f={ft}trez € 63_ (2), the sequences f and U f are equimeasurable. Hence, every rearrangement-invariant
Banach sequence space is also translation-invariant.

A weight on Z is a sequence w = {wy, }xez of positive numbers. A weight w = {wg }rez is said to be
symmetric if w_jp = wy, for all k € Z.

For a Banach sequence space X (Z) and a weight w = {wg }rez, the weighted Banach sequence space
X (Z,w) consists of all sequences f = {fx}rez such that fw := {frwy trez belongs to X(Z). It is easy to
see that X (Z,w) is itself a Banach sequence space with respect to the norm

1flxzw) = [fwlx@):-

Lemma 7.1. If X(Z) is a rearrangement-invariant Banach sequence space and w is a weight such that there
exist constants C,r € (0,00) such that 1/w,, < C|n|" for alln € Z\ {0}, then X(Z,w) C S'(Z).

Proof. Let x = {zn}nez € X(Z,w). Then it follows from [3, Ch. 2, Corollary 6.8] that zw € X(Z) C £>°(Z).
Hence |zpwn| < ||zwl|ge(z) for all n € Z. Therefore,
I

Twl|goo (7 ,
2| < = Cllzwl|gee(zy|n|", n € Z\ {0}

n

This means that x is of slow growth. O
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Let I,n € Z satisty | < n. We call a set of the form J = {l,...,n} an interval of Z. Let 1 < p < oo and
1/p+1/p’ =1. A weight w = {wy }rez is said to belong to the Muckenhoupt class Ap(Z) if

1 1/p , 1/17/
— p -Pp
vl = o (Swt) (Sw) <o

keJ

where the supremum is taken over all intervals J C Z. The collection of all symmetric weights in the
Muckenhoupt class A,(Z) will be denoted by Ap™(Z).

Lemma 7.2. Ifw € AY™(Z) for some p € (1,00), then there exists C € (0,00) such that 1/w, < C(|n]+1)
for alln € Z.

Proof. 1t is clear that w € Ay™(Z) if and only if w1 € A;}/’m(Z), where 1/p+1/p’ = 1. By [5, Lemma 7.1],
there exists Cpy ,,—1 € (0,00) such that

-1

w w
— = M < O (K[ + 1), kneZ

Wn+k Wnp,
Then
wik < 701’;1;”1 (k| +1), keZ
Thus, the desired inequality holds with C' := C, ,,—1 /wo. O

The above two lemmas immediately imply the following.

Corollary 7.3. If X(Z) is a rearrangement-invariant Banach sequence space and w € Ay (Z) for some
p € (1,00), then X(Z,w) C 5'(Z).

Recall that if X(Z) is a reflexive rearrangement-invariant Banach sequence space and w is a symmetric
weight, then X (Z, w) is a reflexive reflection-invariant Banach sequence space (see [15, Lemma 6.1]). This
observation, Corollary 7.3, and Theorem 6.1 yield the following.

Theorem 7.4. Let X(Z) be a reflexive rearrangement-invariant Banach sequence space, w € Ay (Z)
for some p € (1,00), and a € Mx(z ). Then L(a) € GB(X(Z,w)) if and only if a € GMx (7). If
a € GMx (z,w), then (L(a))™' = L(a™1).

Let us also formulate explicitly one corollary of the above theorem, which seems to be new.

Corollary 7.5. Let 1 < p < oo, w € Ay (Z), and a € My (z,.). Then L(a) € GB(P(Z,w)) if and only if
a € GMp (7). If a € GMyp (7,4, then (L(a))~! = L(a™1).

8 Two lemmas on convolutions

The convolution of two sequences f = {fx}rez and g = {gx }rez is formally defined by

(fxg)n = kagn,k, n € 7.

kEZ

The aim of this section is to provide some conditions ensuring that this convolution is well defined and
associative. These conditions will play an important role in the proof of the implication (¢i7) in (1.2), which
will be given in the next section.
A weight w : Z — (0, 00) is said to be controlled by a weight v : Z — (0, 00) if
Wtk
wn

< v

for all k,n € Z.
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It follows from [5, Lemma 7.1] that if w € AY™(Z) for some p € (1,00), then there is a constant
Cp,w > 0 depending only on p and w such that the weight w is controlled by the weight v defined by

v = Cpu(k| +1), kEZ.

Lemma 8.1. Let X(Z) be a rearrangement-invariant Banach sequence space and let w: Z — (0,00) be a
symmetric weight controlled by a weight v:Z — (0,00). If y = {yx Yvez € X' (Z,w™ ') and x = {x} rez €
X(Z,w), then for every n € Z,

[y * 2)n| < v-nllyllx: @)%l xz,0w)- (8.1)

Proof. The proof is similar to the proof of [5, Lemma 7.2]. By Holder’s inequality for Banach sequence
spaces (see [3, Ch. 1, Theorem 2.4]),

(x @)l = | Y ywwn—i| < H{ywzn—rtrezllo
kEZ
S H{ykw;l}keZHX,(Z) I{zn—rwktrezll x(z) - (8.2)

Since the counting measure on Z is reflection-invariant and translation-invariant, we have for every A > 0,
mik €Z: |xp_pwi| >N} =mik €Z: |xp_pw_i| > A} =m{l €Z: |zjwn_i| > A},

that is, the sequences {x,,_rwk rez and {zjw,_;}iez are equimeasurable. Since X (Z) is rearrangement-
invariant, the above observation implies that

||{xn—kwk}keZHX(Z) = ”{xlwn—l}kEZHX(Z)' (8.3)

Taking into account that w is symmetric and is controlled by a weight v, we have

Wy wy_
L R l"gv_n, l,n € Z.
wy wy

Hence, for all I,n € Z,
|$l|wn7l < U—n‘$l|wl7

which implies that
{z1wn—ihiezll x(zy < v—n{ziwitiezl x ) - (8.4)

Combining (8.2)—(8.4), we arrive at

|(y*x)n| <vop ||{ykw,§1}kez||x,(z) {zrwitrezll x ) »
which immediately yields (8.1). O
The following statement extends [5, Lemma 7.3].

Lemma 8.2. Let X(Z) be a reflexive rearrangement-invariant Banach sequence space, let w : Z — (0,00) be
a symmetric weight, and let a € Mx (7, .,)- Suppose there is a weight v : Z — (0,00) such that w is controlled
byv. If y = {yrtwez € X' (Z,w™) and 2 = {zx }nez € X(Z,w), then (y*a) *x and y * (a * ) are well
defined sequences and

[(y*a)*z], =[y*(axz)], forall neZ. (8.5)

Proof. 1t follows from [15, Theorem 5.6 and Lemma 6.1] that My 7, ., is a Banach algebra under pointwise
multiplication and the norm
lallmx iz, ) = IL(@) || B(x (Zw))-

Moreover, [15, Corollary 5.4] implies that Mx (7, ) = Mx/(z,.,-1) and

lallMxm = lallare, g 1)
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Then
ly * all x/@z,w—1) < llallarg, g, -1, Wllxr 21y = lallary g 1Yl x/2,0-1) < o0
and
la* 2l xzw) < llallmy g 2] x@zw) < oo
We infer from Lemma 8.1 and the above inequalities that for all n € Z,

[(y * a) x a]n| < v-nlly *al x/z,w-1) 12l x (2,0) < v-nllallary g, 1¥]x @ w2l x@w <o (8.6)

and

Iy * (a* 2)]n| < v_nlyllx zw-1)lla*zllx@w < v-nllyllx (zw-1)lal Mx w12l x@zw) <00 (8.7)

So, both sequences (y x a) * z and y * (a * x) are well-defined.
If x,y € So(Z), then for all n € Z,

[(y * a) * l’]n = Z(y * a)kl'nfk = Z <Zyjakj)xnk = Z Z yjb\k,j.rn,k

kez keZ N jez kEZ jEL
© a - (x2) _
=D vkt =)y (Zak—jfvn—k) =Yy (Zazxn_j_z)
JEL kL JEL keZ JEL ez
=Y yilax ) = [y* (ax2) (8.8)
JEL

The change of order of summation in (*) is justified because both sums are finite in view of the hypothesis
that & and y are finitely supported. Also note that we have made the change of variables | = k — j in (**).

Taking into account that So(Z) is dense in X (Z,w) and in X'(Z,w™!) in view of [15, Lemmas 2.1
and 6.1], for z € X (Z,w) and y € X' (Z,w™1), there exist sequences {z("™)},,cy and {y("™)},,cn in So(Z)
such that

,,}me [Exs 2™ Hx(z,w) =0, T,}gnoo Hy —ym HX’(Z,w*l) =0. (8.9)
For every m € N, we have
(y*a)xx=((y— y(m)) *a)* T+ (y(m) xa)* (T — x(m)) + (y(m) * ) * (™) (8.10)
and
yx(axz)=(y—y"™) s (@xz)+y™ « (a* (x —2)) + 5™ « (ax2(™). (8.11)

It follows from (8.6)—(8.8) and (8.10)—(8.11) that for every m € N and n € Z,
[y a) s aln = [y (@ s )l < (g = ™) # @) <alu| +[[(4 5 0) 5 (@ = 20
160 5 @) 2 0 5 (@ x 2]
1 =5 @ x|+ 19« (@ (@ = )
<20y |y — y™ HX,(Z’WI) lall My iz 121 X (2,0)

|I o x(m) ||X(Z7w)'

+ 2'U—n||y(m) HX'(ZﬂU_l) HG'HMX(Z,W)

Fix n € Z. Passing to the limit as m — oo in the above inequality and taking into account (8.9), we arrive
at (8.5). O



DE GRUYTER 0. Karlovych and S. Thampi, Fredholm discrete Wiener—Hopf operators == 13

9 An analogue of the Coburn—Duduchava theorem
The following result is an extension of the version of the Coburn-Duduchava theorem proved by Béttcher
and Seybold [5, Theorem 7.4]. It provides the proof of the implication (i) in (1.2).

Theorem 9.1. Let X(Z) be a reflexive rearrangement-invariant Banach sequence space, let w : Z — (0, 00)
be a symmetric weight, and let a € Mx (z,,,) be invertible in the Banach algebra Mx (7, .,). Suppose there is
a weight v : Z — (0,00) such that w is controlled by v. Then the discrete Wiener—Hopf operator T'(a) has a
trivial kernel on X (7 ,w) or the discrete Wiener—Hopf operator T(@) has a trivial kernel on X' (Z ,w™1).

Proof. The proof is analogous to that of [5, Theorem 7.4]. Assume the contrary, that is, assume that there
are 24 = {(z4 )i trez € X(Z4,w) \ {0} and y4 = {(y+ )} rez € X'(Z+,w™") \ {0} such that

T(a)z+ =0, T(@y+ =0.

It follows that
z_:=L(a)zy =a*xy

satisfies _ € X (Z,w) and (z_), = 0 for n > 0. Analogously,
y— =L@y =Vax*yy

satisfies y_ € X'(Z,w™!) and (y_), = 0 for n > 0, where V is defined by
Vn:=f_,, ncl.

Let f = {fn}nela 9= {gn}nGZa and h = f * g. Then for n € Z,

(Vh)n = E—n = kagfnfkr = Z?kgfnfk = fokyfrH»k = Z(Vf)k(v.g)nfk = (Vf * Vg)na

kEZ kEZ kEZ kEZ

that is,
V(fxg)=Vf*Vg.

Taking into account the above equality and Lemma 8.2, we get

Vy_sxxp =V(Vasyy) oy = (VZaxVyp)saxy = (axVyy) x oy

=Vysxa)xzy =Vyprx(axzy) =Vyy so_. (9.1)
If n <0, then we write
0 oo
(Vy— x4 )n = Z Y_) k(@4 )n—k + Z(y—)—k(x+)n—k-
k=—o00 k=1

Note that the first term is equal to zero because (§_)_x = 0 for k < 0, the second term is also equal to zero
because n — k > 0 and (24 ),—g = 0 for k > 1. Thus,

(Vy—xx4)n=0 for n<0. (9.2)
Analogously, if n > 0, then write
0 oS
Vys sz )n= Y @) k@ )nk+ D F1) k@ )n s
k=—o00 k=1

The first term is equal to zero because n — k > 0 and (z_),,—; = 0 for £ < 0. The second term is equal to
zero because (7, )— = 0 for k > 0. Thus,

(Vyyxxz_), =0 for n>0. (9.3)
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It follows from (9.1)—(9.3) that
(Vy—s24)n=0=Vyy*xz_), for neZ. (9.4)

Thus,
Vyyxax_ =0.
Since (7, )—x =0 for k> 0 and (x_),,—; = 0 for n — k > 0, the nonzero terms in the expression
Vys 52 )0 = @) k@ )n s
k€EZ

may only appear if n+ 1 < k < 0. So, it follows from (9.4) that if n < —1, then

0 —n—1
0=Vyr sz )n= > @) s@)nn= D @r@t)ntr (9.5)
k=n+1 k=0

Since y4 € X'(Zy,w™') \ {0}, there exists m € Z4 such that (), =0 for k < m and (7, )m # 0.
For j € N, take n = —m — j in (9.5). Then

m+j—1
0= @)@ h-m—j, JEN,

k=m

that is,

U)mr(z—) -2+ (G4)mra(z-)-1 =0,

Since (7, )m # 0, the first of the above equalities implies that (z_)_; = 0, then the second of the above
equalities yields (z_)_g = 0, and so on. Hence,

0= (x,),l = ($7)72 = (‘T,),g =...

Thus x_ = 0, which implies that L(a)x4 = 0.
Since a € Mx (., is invertible in the Banach algebra My 7, ,,, the operator L(a) is invertible with
the inverse L(a~1'). Therefore,

zy = La YL(a)zy = Lia™ )z =0.

This contradicts our assumption. O

10 Proof of the main result

Let us prove Theorem 1.1. Recall that every rearrangement-invariant space is translation-invariant. So,
we can apply Theorem 5.1. If T'(a) € ®(X(Z4)), then L(a) € GB(X(Z)) by Theorem 5.1. In that case,
a € GMx ) in view of Theorem 7.4 (with w = 1). Then, by Theorem 9.1 (again, with w = 1),

a(T(a)) =dimKerT(a) =0 or «(T(a)) =dimKerT(a)=0. (10.1)

It remains to prove the implication (iv) in (1.3). Since T'(a) is Fredholm, the subspaces Ker T'(a) and
Im T (a) have direct complements in X (Z4) (see, e.g., [1, Lemma 4.39]).
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Suppose
k=IndT(a) = a(T(a)) — B(T(a)) < 0. (10.2)

If a(T(a)) > 0, then a(T'(a)) = 0 (see (10.1)). Therefore, Lemma 3.1 and [1, Theorem 4.42] imply that
A(T(a)) = a((T(a))*) = a(T(a)) = 0,

which contradicts (10.2). Hence, Ker T'(a) = {0}. Since the kernel of T'(a) is trivial and the image of T'(a) is
complemented, the operator T'(a) is left-invertible on X (Z, ) in view of [11, Ch. 2, Theorem 5.1].
The case x > 0 is considered in a similar fashion. Suppose

k =IndT(a) = a(T(a)) — B(T(a)) > 0. (10.3)
If a(T'(@)) > 0, then a(T'(a)) =0 (see (10.1))). Therefore, Lemma 3.1 and [1, Theorem 4.42] yield that
B(T(a)) = a((T(a))") = «(T(a)) >0,

so a(T'(a)) —B(T(a)) < 0, which contradicts (10.3). Thus, 3(T'(a)) = 0. This implies that Im T'(a) = X (Z).
Since T'(a) is surjective and the kernel of T'(a) is complemented, it follows from [11, Ch. 2, Theorem 5.2]
that T'(a) is right-invertible on X (Z.).

Finally, if x = 0, then it follows from the above that T'(a) is simultaneously left-invertible and right-
invertible. Thus 7'(a) is invertible on X (Z. ) if and only if it is Fredholm and its index is equal to zero.
Formula (1.1) is just a reformulation of this statement. O
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