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Abstract 

The enhancement of the mechanical behaviour of reinforced concrete (RC) columns with regard to axial 

compression is an up-to-date concern, namely if the strengthening of existing structures is to be considered. In 

view of this, external confinement with FRP systems has been tested in order to become a feasible technique, 

since it seems to have important advantages over other systems such as its high strength and stiffness in relation 

to weight and its improvement of strength and ductility while confining RC columns. Square columns confined 

with FRP show a more complex interpretation of their behaviour, when compared to circular columns. 

Accordingly, the present work includes the analysis of two experimental programs regarding axial compression 

on CFRP confined RC columns: one on circular and square specimens with different corner radii; the other on 

square specimens with side lengths ranging from medium to large. Based on this, modelling equations are 

proposed to predict maximum axial load, axial strain and lateral strain, as well as the entire behaviour until 

failure with curves of axial load-axial strain and axial load-lateral strain. The modelling results show that the 

analytical curves are in general agreement with the presented experimental curves for a wide range of 

dimensions. 
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1.  Introduction 

Despite being carried out since long ago [1-4], the study of the confinement of reinforced concrete (RC) 

elements has some important issues that need relevant assessment, namely those regarding columns with square 

cross-section. Moreover, the option of strengthening with external FRP sheets, which is fairly modelled for RC 

circular columns [5, 6, 7-10], has not yet a reliable modelling approach for RC square columns. 

Differently from circular cross-sections, when square cross-sections are subjected to axial compression 

the lateral (circumferential) stress is not uniform over the perimeter of the section (Fig. 1), although this stress 

distribution depends on the detailing of longitudinal and transverse reinforcing steel. Besides the arch effect 

between hoops, this effect is also present at the level of the section, which means that only a part of the core is 

confined (Fig. 2). 

In the case of external confinement, the effect is similar, encasing as well the cover thickness, and in the 

particular case of round corners the arch effect is less pronounced and the effective confined area eventually 

larger. The stress-strain behaviour of columns depends also on the confinement material as regards its properties. 

In steel confined concrete, the lateral strain activates the axial stress which, in its turn, increases until 

the yielding of steel. However, it is likely that yield strength is attained prior to the peak axial stress [11, 12]. 

Concrete with external passive FRP confinement, in view of the linear elastic behaviour of this composite, 

presents a different dilatancy performance when compared to concrete with steel confinement [11, 13-16]. With 

an FRP confinement, while lateral strain increases, the confining circumferential pressure continues to rise until 

failure. 
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With respect to the particular case of FRP confinement, contributions of the geometry of the column 

and the stiffness of the confining material have different influences whether columns’ cross section is circular or 

square [17]. 

Considering square columns and from the point of view of design, whether the case is of new columns 

or of existing columns to be strengthened, various models have been proposed for the estimation of confined 

compressive strength and the resultant strain [18-23]. 

Saaman et al. [18] proposed a closed bilinear form model for the confinement of concrete with FRP 

based on Richard and Abbott’s equation [24] for both axial and lateral strains. It defines an empirical equation 

for the peak stress and corresponding axial strain and it considers that the confining lateral stress is obtained 

from the failure tension value of the FRP. It does not take into account the confinement contribution given by 

steel hoops on RC columns. 

Campione and Miraglia [21] presented a bilinear model for square columns only. The peak axial stress 

is predicted considering a confinement effectiveness coefficient on Richart et al.’s equation, obtained 

experimentally. The failure lateral stress is obtained using an expression that considers the effect of corner radius 

and where there is also a reduction factor experimentally calibrated. The confinement contribution given by steel 

hoops on RC columns is not regarded as it is not the axial load – lateral strain behaviour. 

The model of Lam and Teng [22] is also dependant of the calculus of peak axial stress and related axial 

strain before applying their own equations that allow creating the stress-strain curve. This model uses as well 

calibrated coefficients to consider the confinement effectiveness. The authors assume that the effective lateral 

failure strain is only a portion of the FRP failure strain. Steel hoops are also not regarded as a contribution to 

confinement. 

The model proposed by Manfredi and Realfonzo [19] is based on Spoelstra and Monti [13] with specific 

modifications in order to consider the effect of geometry on the confinement of square sections. These 

adjustments include an efficacy factor and a reduction factor when calculating the lateral stress of confinement. 

It is therefore an incremental model where there is compatibility of lateral dilatancy between concrete and the 

confining FRP, based on Mander et al. formulation for the stress-strain relation and on Pantazopoulou and Mills 

[25] for the axial-to-lateral relation. This model does not explicitly account the confinement contribution given 

by steel hoops on RC columns. 

Wang and Restrepo [20] have considered that only part of the area is confined by an effective confining 

pressure; in which the remaining area is assumed to be unconfined. To calculate the axial strength, they have 

considered Mander et al.’s model based on Popovics [26] to take into account the stress contributions of both the 

effectively confined and unconfined areas. The authors account for the contribution of reinforcing steel although 

an axial-to-lateral relation is not explicit and neither the stress-lateral strain is presented. 

The model proposed by Lee [23] is also dilatancy-based. However, the strain–softening of unconfined 

concrete is modelled through a modified version of Pantazopoulou and Mills [25]. The author proposes that the 

concrete strength developed from triaxial tests is a better representation of the actual mechanical response of 

confined concrete and changes the Pantazopoulou and Mills’ equations accordingly. The unconfined and 

confined areas in the cross-section are quantified separately. This model does not explicitly account the 

confinement contribution given by steel hoops on RC columns. 

Given the fact that several characteristics of confined square columns are not yet enlightened, the 

purpose of the present work is to contribute for a better understanding of the behaviour of square RC columns 

confined with CFRP. This is done by assessing the existing experimental data, and governing parameters, and to 

provide simple though reliable tools for the modelling of corresponding behaviour. 
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Fig. 1. Lateral stress fl and equivalent lateral stress fl,eq distributions in RC square cross-section (adapted from 

Saatcioglu and Razvi [27]). 

 

 
Fig. 2. Effective confined concrete in square RC cross-section with and without external strengthening. 

 
2. Experimental data 

2.1. Description of Tested Columns 

 So that a reliable model for the behaviour of CFRP confined square columns can be proposed, two sets 

of experimental data with different characteristics were chosen. 

The first part of the experimental data aimed at studying the behaviour of concrete columns confined 

with carbon fibre composites (CFRP) included a research program that was developed at NOVA University of 

Lisbon (uNL) by Paula [28]. Herein, the purpose is to analyse the influence of geometry concerning the corner 

radius. This experimental program included 18 monotonic axial tests on short RC columns with 0.75 m height 

(Table 1), of which 6 have circular cross section (CNR – non-confined and CC – confined with CFRP) with 

Ø150 mm and 12 have square cross section (QRxNRx – non-confined and QRxCx – confined with CFRP) of 

150x150 mm2 with different corner radii: 0 mm; 20 mm; 38 mm. The details of the reinforcing steel are shown 

in Fig. 3. For the columns confinement the used composites were unidirectional CFRP sheets, whose properties 

are shown in Table 3. The superposed dimension of CFRP wraps was of approximately 300 mm. 

 The second part of the experimental data was obtained from Rocca [29]. The purpose is to examine the 

behaviour of columns with different real scale dimensions. This included 11 square RC columns confined with 

unidirectional CFRP sheets and subjected to axial compression with greater dimensions: square cross sections of 

324x324 mm2 (0.69 m height); 457x457 mm2 (1.02 m height); 648x648 mm2 (1.37 m height); 914x914 mm2 

(1.98 m height) – Table 2. 

 For all analysed columns the longitudinal reinforcement ratio ρL, the volumetric ratio of transverse 

reinforcing steel ρv and the volumetric ratio of CFRP reinforcement ρf are shown in Tables 1 and 2. 

 

Table 1 - Geometrical section properties and detailing of columns tested at uNL by Paula [28] 

Column B (mm) R (mm) R/B H (mm) 
Long. steel 

reinforce. 

Transv. steel 

reinforce. 

tf CFRP 

(mm) 
nf CFRP 

(mm) 
ρL 

(%) 

ρv 

(%) 

ρf 

(%) 

CNR1 150 - - 731 8Ø6 Ø3//100 - - 1.00 0.22 - 

CNR2 150 - - 730 8Ø6 Ø3//100 - - 1.00 0.22 - 

CNR3 150 - - 730 8Ø6 Ø3//100 - - 1.00 0.22 - 

CC1 150 - - 750 8Ø6 Ø3//100 0.176 2 1.00 0.22 0.94 

CC2 150 - - 750 8Ø6 Ø3//100 0.176 2 1.00 0.22 0.94 
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CC3 150 - - 750 8Ø6 Ø3//100 0.176 2 1.00 0.22 0.94 

QR1NR1 150 0 0 750 8Ø6 Ø3//100 - - 1.00 0.11 - 

QR1NR2 150 0 0 750 8Ø6 Ø3//100 - - 1.00 0.11 - 

QR1NR3 150 0 0 750 8Ø6 Ø3//100 - - 1.00 0.11 - 

QR1C1 150 0 0 750 8Ø6 Ø3//100 0.176 2 1.00 0.11 0.94 

QR1C2 150 0 0 750 8Ø6 Ø3//100 0.176 2 1.00 0.11 0.94 

QR1C3 150 0 0 750 8Ø6 Ø3//100 0.176 2 1.00 0.11 0.94 

QR2C1 151 20 0.132 750 8Ø6 Ø3//100 0.176 2 1.00 0.11 0.89 

QR2C2 151 20 0.132 750 8Ø6 Ø3//100 0.176 2 1.00 0.11 0.89 

QR2C3 151 20 0.132 750 8Ø6 Ø3//100 0.176 2 1.00 0.11 0.89 

QR3C1 154 38 0.247 750 8Ø6 Ø3//100 0.176 2 1.00 0.11 0.85 

QR3C2 154 38 0.247 750 8Ø6 Ø3//100 0.176 2 1.00 0.11 0.85 

QR3C3 154 38 0.247 750 8Ø6 Ø3//100 0.176 2 1.00 0.11 0.85 

B is the diameter for circular columns and the side length for square columns; R is the corner radius of the square cross 

section; H is the height of the columns; tf is the thickness of each ply of CFRP sheet; nf is the number of used CFRP sheet 

plies; ρL is the longitudinal reinforcement ratio; ρv is the volumetric ratio of transverse reinforcing steel and ρf the volumetric 

ratio of CFRP confinement. 

 

 

 

Fig. 3. Reinforcement and details of circular and square columns and gauges position tested at uNL by Paula 

[28] 

 

 

Table 2 - Geometrical section properties and detailing of columns tested by Rocca [29] 

Column B (mm) R (mm) R/B H (mm)   
tf CFRP 

(mm) 
nf CFRP 

(mm) 
ρL 

(%) 

ρv 

(%) 

ρf 

(%) 

C1 457 30.5 0.067 1016   -  1.48 0.21 - 

C2 457 30.5 0.067 1016   0.168 4 
*
 1.48 0.21 0.58 

C3 457 30.5 0.067 1016   0.168 2 
*
 1.48 0.21 0.29 

D1 648 30.5 0.047 1372   -  1.48 0.21 - 

D2 648 30.5 0.047 1372   0.168 5 
*
 1.48 0.21 0.52 

D3 648 30.5 0.047 1372   0.168 2 
*
 1.48 0.21 0.21 

E1 324 30.5 0.094 686   -  1.53 0.45 - 

E2 324 30.5 0.094 686   0.168 2 
*
 1.53 0.45 0.41 

E3 324 30.5 0.094 686   0.168 2.5 
*
 1.53 0.45 0.53 

G1 914 30.5 0.033 1981   -  1.50 0.17 - 

G2 914 30.5 0.033 1981   0.168 8 
*
 1.50 0.17 0.58 

The longitudinal and transverse steel reinforcement is not available in the study [29] 

*obtained from the volumetric ratio of CFRP confinement ρf 
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Fig. 4. Geometry of tested square columns by Rocca [29] 

 

 

2.2. Testing Setup  

Axial tests by Paula [28] were carried out with a 5000kN press at uNL and corresponding testing data 

obtained from UPM100 Data Logger. Tests were carried out controlling the displacement using a speed of 

0.01mm/s and stopped after failure until 150kN of force were reached. Three vertical displacement transducers 

(TML-CDP100) and various strain gauges (120 Ω), were positioned around the column in order to measure the 

columns vertical and lateral strains (Fig. 3). 

The instrumentation in all the specimens by Rocca [29] consisted of electrical strain gauges located on 

the longitudinal and transverse reinforcing steel, and on the FRP sheet at critical locations (corner areas and mid-

distance on each face of the non-circular specimens) along the perimeter of the cross-section on the central 

region of the strengthened specimens. External sensors to measure axial deformation were also used: 

potentiometers or LVDTs were affixed to the faces of the columns at about mid-height. The largest columns 

SCG1 and SCG2 were tested at NIST, while the remaining columns were tested at UCSD. Both laboratories are 

capable of applying an axial compressive force of 53 000 kN. 

 

2.3. Material Characterization 

The characterization of used materials followed the standards [30-32]. The mean concrete compressive 

strength at the age of concrete columns tests, was fc0 =34.6 MPa. The results of yield strength of the reinforcing 

steel samples was of 587 MPa for Ø6 (longitudinal steel) and 500 MPa for Ø3 (transverse steel). 

Tension tests carried out at uNL on carbon fibers sheets resulted in Ef =217 GPa, ffu =3983 MPa and the 

ultimate strain εfu of 1.55% for specimens with 2 plies with tf =0.176 mm each. 

Table 3 summarizes the results of material characterization of the materials tested at uNL by Paula [28] 

and those obtained from Rocca [29]. 

 

Table 3 - Materials properties  

 Concrete Long. steel Transverse steel CFRP   

Source fc0 (MPa) fy (MPa) fwy (MPa) Ef (GPa) ff (MPa) εfu (%) 

Paula [24] 34.6 587 500 217 3983 1.55 

Rocca [25] 30.5 446 450 291 2668 0.93 

 

3. Tests results 
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As discussed previously, the confinement effect is affected by columns’ cross-section geometry. In the 

case of circular RC columns the confined concrete is in the core region and the unconfined concrete in the cover 

region [33]. For circular RC columns, when the strengthening includes confinement with CFRP sheets all 

concrete cross-section is confined together with the reinforcing steel, acting as a whole until failure of the CFRP 

confinement. As regards square RC columns only part of the core inside the steel hoops is confined due to the 

geometric effect of corners [27, 33] and the performance of external confinement with CFRP is thus in the same 

way influenced by this effect which leads to less efficiency when compared to circular columns. 

In view of the previous, the option for the displayed set of columns [28, 29] relies on the available 

testing data and the geometrical characteristics which include the variation of R/B (corner radius / side length) 

and the large range of cross-section dimensions (150x150 to 914x914 mm
2
). 

Throughout compression tests two slopes are developed. Each slope defines a branch and the switch 

between the two branches represents concrete cracking that is followed by the activation of the confining 

materials – steel hoops and CFRP sheets. The greater the confinement the higher the slop of the second branch 

is. 

Considering all parameters the same, columns with circular cross section are more efficiently confined 

and hence present greater second branch slops. In square columns confinement shows less efficiency the sharper 

the edges are. 

 

3.1 Tests by Paula [28] 

Table 4 summarizes the test results of axial compression on non-confined and confined RC columns 

tested by Paula [28]. It is shown that on the whole there is an increase of strength and ductility for both circular 

and square RC columns confined with CFRP when compared to non-confined RC columns. 

For each implemented test, the diagram includes two curves, one with the axial load versus axial strain 

(εc) and another with the axial load versus lateral strain (εl). The corresponding load-strain behaviour and failure 

modes of some of the columns are shown in Fig. 5. 

Displacement transducers allowed the reading of the axial strain, while the lateral strains were measured 

from strain gauges positioned at the specimen's contour. The lateral strain indicated in Fig. 5 corresponds to the 

reading of gauges placed at the mid-height of each column where higher values of lateral strain would be 

expected. The chosen gauges for each column were those with higher lateral strain value and in all cases the 

gauges with highest measurements corresponded to those placed at the corners. These were therefore outside the 

overlapping zone, which might affect the interpretation of results’ relevance [34,35]. According to an 

experimental work by Lam and Teng [36] the lateral strain values measured in the overlapping zones are in 

general lower than those of the remaining zones. 

 

 

Table 4 – Tests results of axial compression in circular and square RC columns by Paula [28] 

Column CR MCR Fcc (kN) Fcc / FcN εcc (%) Fcu (kN) εcu (%) εcu / εcuN εlu (%) 

CNR1 - - 491  - 0.203 - 0.203 - - 

CNR2 - - 491  - 0.188 - 0.188 - - 

CNR3 - - 491  - 0.236 - 0.236 - - 

CC1 0.50 - 1838  3.7 2.437 - 2.437 11.7 1.446 

CC2 0.50 - 1843  3.8 2.532 - 2.532 12.1 NA 

CC3 0.50 - 1804  3.7 2.684 - 2.684 12.8 1.191 

QR1NR1 - - 621  - 0.204 - 0.204 - - 

QR1NR2 - - 641  - 0.217 - 0.217 - - 

QR1NR3 - - 563  - 0.253 - 0.253 - - 

QR1C1 - 0.01 760  1.3 0.686 745 2.940 13.1 1.151 

QR1C2 - 0.01 751  1.2 0.684 713 2.193 9.8 0.389 

QR1C3 - 0.01 787  1.3 0.364 742 2.185 9.7 0.155 

QR2C1 - 0.13 1130  1.9 2.649 - 2.649 11.8 1.631 

QR2C2 - 0.13 1267  2.1 2.958 - 2.958 13.2 1.250 

QR2C3 - 0.13 1184  2.0 2.742 - 2.742 12.2 1.581 
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QR2C1 - 0.24 1380  2.3 1.553 - 1.553 6.9 0.870 

QR2C2 - 0.24 1454  2.4 2.448 - 2.448 10.9 1.683 

QR2C3 - 0.24 1416  2.3 1.944 - 1.944 8.7 1.140 

For circular columns the confinement ratio is �� = ������	
; MCR is the modified confinement ratio defined by Mirmiran et al. 

[37] for square columns in order to account for the sharpness of the edges: ��� = �
� �

���
��	

 where ��� =

�	��	��	��
� ; Fcc is the 

maximum axial load of each column; FcN is the mean value of Fcc of the set of 3 RC columns without CFRP confinement; εcc 

is the axial strain at Fcc of each column; Fcu is the ultimate axial load of each column; εcu is the ultimate axial strain at Fcc of 

each column; εcuN is the mean value of εcu of the set of 3 columns without CFRP confinement; εlu is the higher value of lateral 

strain at which failure of the CFRP occurred. 

NA – not available; 

 

 

 

 

 

 

 

 

 

 

 

Fig. 5. Axial load vs. strain curves of RC columns with and without CFRP confinement by Paula [28]. 

 

The analysis of Table 4 allows the comparison of the performance of all columns as regards strength 

and ductility. For the circular columns the mean increase in strength between RC specimens (CNR) and those 

confined with 2 layers of CFRP (CC) is of 3.7 times (491 to 1828 kN), while for the strain at peak load the 

increase was of 12.2 times (0.209% to 2.550%). For the square columns without round corners (QR1C), in 

comparison with the square unconfined RC columns (QR1NR), the same relation shows an increase in strength 

of 1.3 times (608 to 766 kN) and an increase in the ultimate strain of 9.8 times (0.225% to 2.189%). The 

confined square columns with corner radius R=20mm (QR2C) present mean values of strength 2.0 times higher 

(608 to 1194kN) than those of unconfined RC columns and mean values of ultimate strain 12.4 times higher 

(0.225% to 2.784%). As to the confined square columns with corner radius R=38mm (QR3C) the increase in 

strength is of 2.3 times (608 to 1417kN) and 8.8 times (0.225% to 1.982%) for ultimate strain. 

From Fig. 5 it can be seen that for square columns there is no significant difference in the first branch 

either for the load – axial strain relation or the load – lateral strain relation. It is from the second branch of each 

tested column that the main difference in the behaviour is verified, where the slope represents the stiffness E2 of 
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the column after concrete cracking and the activation of the confinement – steel hoops and CFRP. It is clear that 

for circular columns the slope of the second branch is higher which leads to greater values of strength and 

stiffness and therefore it shows a more efficient confinement. Despite the slight difference in the CFRP 

volumetric ratio between all strengthened columns (ρf varies from 0.94% to 0.85%), it is clear (fig. 5) that for 

circular columns the confinement is more effective, which due to the uniformity of lateral stress distribution.  . 

Columns with sharper corners have more pronounced a strain softening with lower slope (E2 ≈ 0 for R=0) which 

means with no increase in strength beyond the first branch. However, the higher the corner radii presented by the 

square columns the closer their performance (E2,mean=5.0GPa for R=20mm and E2,mean=15.3GPa for R=38mm) 

gets to that of circular cross-section (E2,mean=23.7GPa).  

 

3.2 Tests by Rocca [25] 

Table 5 presents the experimental results of all RC square columns confined with CFRP tested by 

Rocca [29]. Figs. 6 and 7 show the curves corresponding to three of these columns with cross sections of 

324x324 mm
2
, 648x648 mm

2
 and 914x914 mm

2
, all with corner radius R=30.5 mm. The behaviour is similar for 

the three columns (D2, E3 and G2) with strain softening, which means decreasing slope in the second branch (E2 

= - 1.77GPa for D2, E2 = - 0.22GPa for E3, E2 = - 0.49GPa for G2). The ultimate axial strain values vary 

between 1.86 and 6.01 times the ultimate axial strain of unconfined RC columns. Concerning strength there is an 

increase, where peak strength varies from 1.10 to 1.54 times the same parameter for unconfined RC columns. As 

to lateral strain, the results present ultimate lateral strain values of 0.68% to 0.74%, that is, respectively, between 

73% and 91% of the CFRP failure strain - εfu = 0.93% (Table 3). 

 

Table 5 – Tests results of axial compression in square RC columns by Rocca [29] 

Column MCR Fcc (kN) Fcc / FcN εcc (%) Fcu (kN) εcu (%) εcu / εcuN 
*
 εlu (%) 

C1 - 6741  -  0.24 NA  0.24 - - 

C2 0.031 7348  1.09  0.47 6242  1.08 4.52 0.58 

C3 0.013 7078  1.05  0.27 5201  0.40 1.67 0.62 

D1 - 13265  -  0.25 NA  0.29 - - 

D2 0.019 15387  1.16  0.32 10687  0.68 2.34 0.74 

D3 0.006 14060  1.06  0.31 9639  0.42 1.44 0.71 

E1 - 2673  -  0.15 NA  0.16 - - 

E2 0.022 3983  1.49  0.23 3230  0.27 1.69 0.55 

E3 0.031 4116  1.54  0.28 3438  0.96 6.01 0.68 

G1 - 28177  -  0.26 NA  0.52 - - 

G2 0.016 30995  1.10  0.33 21700  0.97 1.86 0.67 

NA – not available; 
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Fig. 6. Axial load vs. strain curves of square RC columns 324x324 mm
2
 with CFRP confinement by Rocca [29]. 

 

 

 

 

 

 

 

 

 

 

 

 

 

Fig. 7. Axial load vs. strain curves of square RC columns 648x648 mm
2
 and 914x914 mm

2
 with CFRP 

confinement by Rocca [29]. 
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4. Numerical model for square RC columns confined with CFRP under axial compressive load 

The present section presents two different procedures regarding the behaviour of square columns under 

compression. The first is related to the use of equations for the calculation of governing parameters, based on the 

experimental tests, and the second concerns the stress-strain model for confined concrete under compression and 

the subsequent axial load versus strain of the RC column. 

The first procedure consists of merely applying the equations in order to obtain the peak compressive 

stress fcc, the column’s maximum axial load Ncc, the axial strain εcc at peak stress and lateral strain εlu at rupture. 

In the second procedure, a model is proposed in order to build the curves of: confined stress fc as function of 

axial strain εc and lateral strain εl and corresponding axial load Nc also as function of axial strain εc and lateral 

strain εl. The results of the first procedures establish the limits for the curves obtained in the second procedure. 

The validation of the proposed model for the simulation of the behaviour of large-scale square RC 

columns confined with CFRP under axial compression was carried out with resort to experimental data of Paula 

[28] and Rocca [29] shown in the previous section. The choice of both these research works relies on the broad 

variety of parameters such as: i) corner ratio: R/B (from 0.033 to 0.247); ii) columns’ cross-section dimensions: 

B (150, 324, 457, 648 and 914mm); iii) longitudinal reinforcing steel ratio: ρL (1% and 1.5%); iv) transverse steel 

volumetric ratio: ρv (0.11% to 0.45%) and v) CFRP volumetric ratio: ρf (0.21% to 0.94%). The proposed model is 

used assuming that the whole column’s section is under compression. 

The governing parameters necessary for the simulation of the behaviour of columns under axial 

compression are defined using Eqs. (2), (8), (9) and (10) which includes calculating; the confined concrete stress 

fcc; the axial strain εcc at peak stress; lateral ultimate strain εlu and the columns’ maximum axial load Ncc. The 

input initial data for the calculus of the previous parameters are geometrical and strength characteristic of the 

concrete columns - the dimensions of the square cross-section BxB; the corner radius R; the concrete unconfined 

stress fc0 and strain εc0 – the characteristics of the CFRP confining sheet – thickness tply, Young modulus Ef and 

failure strain εfu – and the characteristics of the reinforcing steel – steel cross sections As and Asw or the 

longitudinal and transverse ratios, the Young modulus Es, the yielding strengths fy, and fyw, the hoop dimensions 

ds and the spacing between hoops s 

 

4.1. Proposed equations for the governing parameters of columns’ behaviour under axial compression 

For circular columns the peak stress of the confined concrete fcc can be associated with the unconfined 

compressive strength fc0 and the lateral confining pressure flu using Eq. (1):  

uccc f kff
l10 +=  (MPa) (1) 

Equation (1) expresses the influence of the lateral reinforcement confinement and by the FRP sheet, 

considering superposed effects when failure occurs. Chastre and Silva [5] suggest a value of k1=5.29 for circular 

columns. 

Having into account that for square columns there is the need to consider the influence of corners, 

equation (1) is adapted to the following expression: 

uccc f
B

R
 kff

l







+=

2
10  (MPa) (2) 

Equation (2) was calibrated for CFRP with k1=3.7 using the experimental tests (Fig. 8) presented in the previous 

section and testing data from several experimental studies [17, 22, 28, 29, 38-43]. 
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Fig. 8. Relationship between fcc/fc0 and flu/fc0. Square columns with cross-section dimension between 100x100 

and 914x914 mm
2
, confined with CFRP 

 

Following the approach cited above, the lateral confinement, combining steel hoops and external FRP 

sheet, is defined by: 

shujuu fff +=
l  (MPa) (3) 

ufju E
B

t
f

l
ε

2
=  (4) 

sw
w

sw
shu f

sd

A
f

2
=  (5) 

where t represents the thickness; Ef the Young modulus and εlu the lateral ultimate strain of the FRP sheet and B 

is the diameter D of an equivalent circular cross-section as suggested by [43-45], which for square columns 

makes B=D. The steel cross section of the hoops is represented by Asw and the diameter is dw, assuming the same 

principle as B, and s the spacing between steel hoops. Since the tensile strength of the steel hoop fsw is assumed 

constant after yielding, its relation with the lateral strain of the column εlu and the Young modulus Es is 

considered until this point is reached: 
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for                        

for        

 (6) 

It has been discussed and shown that lateral failure strain of the jacket εlu does not reach the failure 

strain of the CFRP εfu [18, 22, 45], mainly due to: non-uniform stress distribution in the FRP confinement due to 

internal concrete cracking; stress concentration on FRP due to localized buckling of longitudinal reinforcing 

steel; irregularities in the constitution of the FRP fabrics and multiaxial stress state due to bonding between 

concrete and the FRP. In view of these aspects Matthys et al. [46] proposed for circular columns the relation 

εlu=0.6εfu, which was also observed and highlighted by Realfonzo and Napoli [34] for lower and normal strength 

concrete (fco ≤ 60MPa). These authors [34] also remarked slightly higher confinement efficiency (> 0.6) for 
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lower confinement stiffness, though with high scatter, while Pellegrino and Modena [47] observed in their 

database analysis lower confinement efficiency when decreasing the confinement stiffness.  

In the case of confined square columns, besides the aforementioned, the corner effect that makes that 

only part of the core is actually confined, should be particularly regarded. Yang et al. [48] studied the effect of 

corner radius on the strength of FRP laminates and on the distribution of the resulting radial stress on the 

substrate material. Accordingly and based on calibration through the tests presented by Paula [28] and Rocca 

[29], the following equation to obtain εlu is proposed: 

fulu
B

R
εε

23.0
2

7.0 







=  (7) 

In circular columns the axial strain at peak load εcc is given by: 

7.0

0

0
'
2 










=

c

lu
ccc

f

f
k εε  (8) 

where k2
’
=17.65 suggested by Chastre and Silva [5] 

 By regression of experimental data (Fig. 9) of square columns confined with CFRP and cross-section 

dimensions between 100x100 and 914x914 mm
2
, Eq. (9) was calibrated with k2=18.89. 











=
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02
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lu
ccc
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k εε  (9) 

 

The axial strain at peak load of unconfined concrete εc0 is adapted from Eurocode 2 [49]: 

( ) 31.0

00
1000

7.0
cc f=ε  (10) 

 

 

Fig. 9. Relationship between εcc/εc0 and flu/fc0. Square columns with cross-section dimension between 100x100 

and 914x914 mm
2
, confined with CFRP 

 

The maximum axial load Ncc in the RC column confined with CFRP sheet is obtained by: 

ssccccc fAfAN +=  (11) 
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where Ac is the area of the columns’ cross-section and As the longitudinal section of the reinforcing steel. The 

peak stress of the confined concrete fcc is given by Eq. (1) and the tensile strength of the steel fs is defined by: 
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<×
=
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εε

εεε

for                

for         
 (12) 

where εcc is the columns’ axial strain at failure given by Eq. (9), Es is the Young modulus, fy the yield stress and 

εy is the matching strain of the longitudinal reinforcement. 

 

4.2. Proposed Load–Strain Model for square RC columns confined with CFRP under compression  

 In the case of circular columns confined with CFRP the model proposed for the stress–strain curve is 

based on the relation, and corresponding parameters, represented in Fig. 10. For square columns this model may 

also be adopted though with significant changes for all the parameters involved and with particular differences 

concerning the trend of the branches after specimen’s yielding. 

 

 

 
Fig. 10. Proposed model for axial compression behaviour of RC columns 

 

 

The stress–axial strain relation is of two linear branches for concrete confined with CFRP and is based 

on Richard and Abbott’s model [24] which includes four parameters: E1, E2, f0 and n:  
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Considering RC square columns with external CFRP sheets and the parameters calibrated based on existing 

testing results, the following equations are defined: 
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The same is used to represents the relation axial stress – lateral strain:, 
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(16) 

 

 

 

 

With regard to the axial stress – axial strain curve, the first slope of the curve is defined by Eq. (14a), 

similar to that of plain concrete as in [2], with fc0 and E1 in MPa. The FRP confining sheet has a passive 

behaviour and is only activated when the lateral deformation reaches a point equivvalent to the maximum stress 

of the unconfined concrete. In view of this, the slope of the second branch, E2 (Eq. 14b), is calibrated (Fig. 11) 

based on the tested behaviour of various square columns under axial compression and confined with CFRP with 

cross-section dimension between 150x150 to 914x914 mm
2
. Accordingly, the stress value f0 is estimated with 

resort to Eq 14c. Considering the experimental curves and those obtained from the proposed model (analytical), 

parameter n was assumed equal to 3. 

Concerning the axial stress - lateral strain relation, the first slope of the curve E1l depends on the 

concrete Poisson coefficient which is taken as 0.2 (Eq. 16a). Parameter nl was assumed equal to 2. The 

modelling representation of the second slope E2l (Eq. 16b) and the stress value of f0l (Eq. 16c) are defined 

following the testing calibration as can be seen in Figs. 13 and 14.  

 The calculus method herein proposed to build analytically the stress–strain curves of concrete columns 

confined with CFRP under compression is simple and can be carried out building both curves, axial and lateral, 

separately knowing that the lateral strain failure εlu governs the end of both curves. The method of calculus is 

implemented through the next stages:  

a) Establish the values of lateral strain εl from zero until the failure value εlu is reached, which is calculated 

using Eq. 7; 

b) Use Eqs. 15 and 16a, 16b and 16c for the calculation of fc and hence the stress-lateral strain curve. The 

end of the curve is set when the lateral strain εl reaches the lateral failure strain εlu; 

c) Use Eqs. 13 and 14a, 14b and 14c for the calculation of the axial stress-axial strain curve. The axial 

strain εc is set and its ultimate value εcu is attained when the axial stress fc at lateral failure strain εlu is 

reached. 



16 

 

It should be noted that in the case in which the second slope is positive (E2=positive value), the peak 

stress fcc is equally the ultimate stress fcu. As to those cases where the slope E2 is negative, the ultimate stress fcu 

is lower than the peak value fcc, which makes the latter the main reference and priority from the point of view of 

design. 

 

 

 

 

Fig. 11. Parameter E2 - testing calibrations with RC square columns with cross-section dimension between 

150x150 and 914x914 mm
2
, confined with CFRP 

 

Fig. 12. Parameter f0 - testing calibrations with RC square columns with cross-section dimension between 

150x150 and 914x914 mm
2
, confined with CFRP 
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Fig. 13. Parameter E2l - testing calibrations with RC square columns with cross-section dimension between 

150x150 and 914x914 mm
2
, confined with CFRP 

 

 

Fig. 14. Parameter f0l - testing calibrations with RC square columns with cross-section dimension between 

150x150 and 914x914 mm
2
, confined with CFRP 

 

In order to calculate the behaviour under uniaxial compression of square columns confined with CFRP 

and reinforced with longitudinal and transverse steel Eq. (16) can be used: 

ssccc fAfAN +=   (17) 

where Nc is the axial load, Ac is the total area of the cross-section of the column and As the total longitudinal 

reinforcement of the cross section. The stress fc is obtained by Eqs. 13 to 17 and the steel stress fs is defined by 

the ensuing equations: 
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where εc is the axial strain and εl the lateral strain of the column, Es is the reinforcing steel Young modulus, fy 

and εy are the yield stress and strain of the longitudinal reinforcing steel. 

 

4.3. Proposed model vs Experimental results  

A set of 6 specimens of RC square columns with their testing results was chosen to serve as basis for 

the suitability analysis of the previously proposed equations.  

This set includes CFRP confinement with 2, 5 and 8 layers, aspect ratios H/B of 2 and 5 and a CFRP 

volumetric ratio ρf of approximately 0.5 and 0.9. The input data used for the modelling of the columns’ 

compression behaviour is presented in Tables 6 and 7.  

Figs. 15 to 17 show the axial load–strain experimental curves (black lines) plotted along with the 

corresponding analytical curves (dashed lines) that were obtained based on the procedure proposed in section 

4.2. 

 

Table 6 - Geometrical section properties and detailing of columns’ experimental curves of Paula [28] compared 

with the curves of the proposed analytical modelling. 

Column B 

(mm) 
H/B R/B 

fc0 

(MPa) 
MCR 

Long. 

steel 

reinf. 

Transv. 

steel 

reinf. 

Ef 

(GPa) 

tf CFRP 

(mm) 

nf CFRP 

(mm) 

εfu 

(%) 
ρL 

(%) 

ρv 

(%) 

ρf 

(%) 

QR1C2 150 5.0 0 34.6 0.01 8Ø6 Ø3//100 217 0.176 2 1.76 1.00 0.11 0.94 

QR2C2 151 5.0 0.132 34.6 0.13 8Ø6 Ø3//100 217 0.176 2 1.76 1.00 0.11 0.89 

QR3C3 154 4.9 0.247 34.6 0.24 8Ø6 Ø3//100 217 0.176 2 1.76 1.00 0.11 0.85 

 

Table 7 - Geometrical section properties and detailing of columns’ experimental curves of Rocca [29] compared 

with the curves of the proposed analytical modelling. 

Column B 

(mm) 
H/B R/B 

fc0 

(MPa) 
MCR 

Long. 

steel 

reinf. 

Transv. 

steel 

reinf. 

Ef 

(GPa) 

tf CFRP 

(mm) 

nf CFRP 

(mm) 

εfu 

(%) 
ρL 

(%) 

ρv 

(%) 

ρf 

(%) 

D2
*
 648 2.1 0.047 30.5 0.02 NA NA 291 0.168 5 

*
 0.93 1.48 0.21 0.52 

E3
*
 324 2.1 0.094 30.5 0.03 NA NA 291 0.168 2.5 

*
 0.93 1.53 0.45 0.53 

G2
*
 914 2.2 0.033 30.5 0.02 NA NA 291 0.168 8 

*
 0.93 1.50 0.17 0.58 

*obtained from the volumetric ratio of CFRP confinement ρf; NA – not available 

 

 

Fig. 15. RC square columns 150x150mm
2
 confined with CFRP: Experimental vs. Analytical behaviour. 

Experimental data obtained from Paula [28] 
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The experimental work carried out by Paula [28] aimed to study the corner effect on the behaviour of 

RC square columns under axial loading. The enhancement is evident the rounder the corners are. The 

implementation of the proposed model for the simulation of this behaviour (analytical curves: QR1C2; QR2C2 

and QR3C3) follows the same trend as the experimental results (Fig. 15). As seen from Fig. 15 the overall results 

show good agreement for all columns, although for column QR2C2 is the axial strength Ncc is slightly 

underestimated. As regards deformation, the results of ultimate axial strain εcu are underestimated except for 

column QR3C3, while column QR1C2 overestimates the ultimate lateral strain εlu. 

 

 

Fig. 16. RC square columns 324x324 mm
2
 confined with CFRP: Experimental vs. Analytical behaviour. 

Experimental data obtained from Rocca [29] 

 

  

 

Fig. 17. RC square columns 648x648 and 914x914 mm
2
confined with CFRP: Experimental vs. Analytical 

behaviour. Experimental data obtained from Rocca [29] 
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 As regards the experimental work by Rocca [29], the tested columns have relevant differences 

concerning side lengths, which cover commonly used dimensions of full scale columns. When experimental and 

analytical strength values Ncc are compared it can been seen that differences are of little significance. As to 

deformation, the results of ultimate axial strain εcu are underestimated except for column D2. As to lateral strain 

εlu the results concerning columns E3 and G2 are underestimated. In the specific case of column E3, for the 

second branch of both axial and lateral curves the superposition is almost complete. 

The presented tested columns show second branches with both ascending and descending slopes. 

Despite some of the differences between experimental and analytical results, the predicted load-strain relations 

are still, globally, in agreement with the experimental results. The comparison results in Figs 15 to 17 validate 

thus the application of the proposed model for columns with dimensions ranging from small to full scale sizes. 

The analytical results shown in Fig. 18 express how wide is the range of application of the proposed model, 

concerning the dimension of columns, with reliable results. 

 

 

Fig. 18. RC square columns confined with CFRP: cross-section 150x150 to 914x914 mm
2
. Analytical behaviour 

based on the proposed model.  
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5. Final remarks 

In this work a set of experimental results of various researchers was used to create a practical analytical 

model to estimate the behaviour of RC square columns confined with CFRP under axial compression. Most of 

the proposed equations rely on the experimental results by Paula [28] and Rocca [29] of which 6 columns were 

chosen to verify the validation of the proposed model. The experimental results by Paula [28] and Rocca [29] 

show that the geometry of the section has a substantial impact on the behaviour of columns strengthened with 

FRP. The experimental results clearly show that columns with circular cross-section have better performance – 

higher strength and axial strain – when compared to square columns. For the latter, there is an evident influence 

of the corner ratio R/B, especially if regarded that the higher this parameter is the greater axial strength Ncc gets. 

Moreover, if the R/B parameter increases, the slope of the second branch E2 may vary from negative (descending 

slope) to positive and higher values (ascending slope). Considering the axial load – lateral strain behaviour and 

specifically the ultimate lateral strain εlu, there is no significant difference between circular columns and square 

columns with round corners, while for columns with sharp edges (R/B≈0) the second branch is shorter. 

Additionally, it seems that side length has no significant influence itself on columns’ performance but rather the 

corner ratio and the confinement ratio. 

The modelling procedure herein proposed is suitable to a simple method for the design of RC square 

confined with CFRP subjected to axial compression. Amongst other parameters, it considers the contribution of 

both longitudinal and transversal reinforcing steel on columns’ structural performance. 

The proposed equations also consider explicitly the effect of corner radius on columns’ confining action 

which, according to the experimental results of the tested columns, has a significant influence on their overall 

behaviour. 

The model proves to be reliable for square columns from 150 to 914 mm side dimension with aspect 

ratios H/B between 2 and 5 and CFRP strengthening ratios of 0.2% and 0.9%. The analytical results, based on 

the proposed model, are in general good agreement with the curves obtained from experimental tests. 
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