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Abstract

The purpose of this paper is the development of Pareto optimality conditions and con-
straint qualifications (CQs) for Multiobjective Programs with Cardinality Constraints (MOP-
CaC). In general, such problems are difficult to deal with, not only because they involve a
cardinality constraint that is neither continuous nor convex, but also because there is conflict
between the various objective functions. Thus, we reformulate the MOPCaC based on the
problem with continuous variables, namely relaxed problem. Furthermore, we consider dif-
ferent notions of optimality (weak/strong Pareto optimal solutions). Thereby, we define new
stationarity conditions that extend the classical Karush-Kuhn-Tucker (KKT) conditions of
the scalar case. Moreover, we also introduce new CQs, based on a definition of multiobjective
normal cone, to ensure compliance with such stationarity conditions. Important statements
are illustrated by examples.
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1 Introduction

In this paper, we study optimization problems that can be formulated as multiobjective opti-
mization problems (MOPs) with the requirement that the desired solutions have a small or a
bounded number of nonzero components, namely sparse solutions. One way to obtain sparse so-
lutions is imposing explicitly a cardinality constraint to the problem, as the pioneering work [5].
This approach has successfully used in many applications of optimization such as sampling sig-
nals, machine learning, subset selections and portfolio problems [3, 7, 12, 16, 22, 23, 24, 26, 27],
but restricted to one single objective function, the scalar case. So, we will focus on the de-
velopment of optimality conditions and constraints qualifications for MOPs with cardinality
constraints (MOPCaC).
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To deal with the potentially problematic cardinality constraint in MOPCaC, we reformulated
it as a MOP with continuous variables, following the ideas of [10] for the scalar case. Compared
with scalar optimization problem with cardinality constraints, MOPCaC offers new difficulties.
The possible conflicting nature of the many objective functions, forces us to consider different
notions of optimality (weak/strong Pareto optimal solutions) and as a consequence new sta-
tionarity conditions which extend the classical Karush-Kuhn-Tucker (KKT) conditions of the
scalar case. Furthermore, since standard constraint qualifications (CQs) may not be sufficient
to ensure the fulfillment of the new stationarity conditions at the optimal solutions, we also
introduce new CQs useful for our purpose.

The paper is organized as follows: In Section 2, we present the reformulation of MOPCaC

and discuss in detail the relation between Pareto optimal solutions. In addition, we recall
some background material of variational analysis concerning MOPs. In Section 3, we propose
new stationarity conditions for MOPCaC, which extend the classical stationarity conditions for
optimization problems with cardinality constraints (CaC-M-stationarity and CaC-S-stationarity
[11, Definition 4.1]) to MOPs, and comment their main properties. We devote Section 4 to the
study of new CQs to obtain weak CaC-S-stationarity condition (see Definition 3.1) at local
weak /strong Pareto optimal solution. Different to other approaches, our CQs rely on the -
multiobjective normal cone defined in Section 3. We end Section 4, by showing that if the
constraints h and g in (1) are linear mappings, then the weak CaC-S-stationarity conditions holds
at every local weak Pareto optimal solution. In Section 5, we propose a unified framework of the
stationarity conditions for MOPCaC, which encodes different levels of stationarity depending
on certain set of indices of I. In addition, we present in this section some applications. Finally,
in Section 6, we close with some remarks.
Notation. We denote by R™ the n-dimensional Euclidean space. Throughout this paper, || - [|o
is the so-called lp-norm, that is, ||z||o is the number of nonzero components of x € R™. The
Hadamard product x * y of two vectors x, y € R™ is the vector obtained by the componentwise
product of x and y. We denote the set of non-negative number with Ry. We use (v;);_; to
denote a n x r matrix whose columns are the vectors vy, v, ..., v, in R™.

We also consider the following index sets: Ipo(x,y) = {i | z; = 0,y; = 0}, Iio(z,y) =
{i | z; # 0,y; = 0}, Io1(z,y) = {i | &, = 0,y; = 1}, Tox(x,y) = {i | z; = 0,y; € (0,1]},
Ip(z) ={i | z; =0} and Iy(x) ={i|z; #0}.

For a function g : R" — R", denote Iy(x) = {i | g;(x) = 0}, the set of active indices, and
V¢! = (Vgi,...,Vg,) the transpose of the Jacobian of g.

2 Problem statement

Consider Multiobjective Programs with Cardinality Constraints (MOPCaC) of the form:

minamize F(x)= (fl(x),f2($)a-~7fr($))T
subject to  g(z) <0,h(z) =0, (1)
H'CCHO < a,

where F' : R" — R"(r > 1), g : R® — R™ and h : R" — RP are continuously differentiable
mappings, 0 < a < n is a given non-negative integer (which we assume o < n, otherwise
the cardinality constraint would be redundant), and ||z||o stands for the number of all nonzero
components of x.



Due to the wide range of applications, scalar optimization problems with cardinality con-
straints have attracted the attention of many researchers, see [3, 8, 10, 11, 14, 18]. The cardinality
constraint, ||z||p < «, makes (1) a very difficult optimization problem. To overcome this dif-
ficulty we follow the approach of [14] which introduces a new variable y and obtain a relaxed
multiobjective optimization problem:

Inir;ir?;’nize F(z) = (fi(z), f2(2),..., fr(x)T
subject to g(x) < 0,h(z) =0,
n — eTy < a, (2)
0<y<e,
zxy =0,
where e = (1,...,1)T € R™. This approach was successfully used to study optimality conditions

and CQs in scalar optimization problems but, to the best of our knowledge, it has not been
studied within the context of MOPs. Many issues arise when we consider MOPs. Then, in view
of the possibility of conflict among the objective functions f;’s, several notions of optimality for
MOPs are considered in such context.

Definition 2.1 Consider the problem of minimizing F(x) = (f1(x),..., fr(x))T subject to x €
X and let T be a feasible point in X. Then,

1. We say that T is a local weak Pareto optimal (or local weak efficient) solution if there is a
d > 0 such that there is no x € X N B(&,0) with fi(z) < fi(z) for alli=1,...,r.

2. We say that T is a local strong Pareto optimal (or local efficient) solution if there is a
d > 0 such that there is no x € X N B(z,9) with fi(x) < fi(x), for alli =1,...,r and

F(z) # F(Z).

3. We say that T is a weak Pareto optimal (or weak efficient) solution if there is no other
feasible point © € X such that f;(x) < fi(z), foralli=1,...,r.

4. We say that T is a strong Pareto optimal (or efficient) solution if there is no other feasible
point x € X such that F(z) < F(Z) and F(x) # F(Z).

As in the scalar case, (1) and its relaxed formulation (2) share many characteristics. Indeed,
Theorem 2.1 states that the MOPCaC problem has a weak/strong Pareto optimal solution if
and only if the relaxed problem has it too. To prove this, we need two preliminaries lemmas:

Lemma 2.1 /20, Lemma 3] Let (Z,y) be a feasible point of the relaxed problem (2) such that
|Z|lo = a. Then, eT’g=n—a, ;=0 fori¢ Io(z), g = 1 fori € Io(z) and Iy (Z,7) = 0.

Lemma 2.2 [20, Lemma 4] Let & € R" be a feasible point of (1), then there exists y € R™ such
that (z,y) is feasible of (2). If, in addition, ||Z||o = «, then § is unique; Conversely, if (Z,7) is
feasible for (2), then T is feasible for (1).

Theorem 2.1 Consider a point z* € R™.

1. If z* is a weak/strong Pareto optimal solution of the problem (1), there exists y* € R™ such
that (x*,y*) is a weak/strong Pareto optimal solution of (2). Moreover, for the relazed
problem, every feasible pair of the form (x*,y) is a weak/strong Pareto optimal solution;



2. If (z*,y*) is a weak/strong Pareto optimal solution of (2), then x* is a weak/strong Pareto
optimal solution of (1).

Proof.

1. Let z* be a strong Pareto optimal solution of (1). By Lemma 2.2 there exists y* € R"
such that (z*,y*) is feasible for (2). Take a feasible point (z,y) for (2). By Lemma 2.2, x
is feasible for (1). So, as there is no other feasible point x for (1) such that f;(z) < fi(z*),
Vi with F(z) # F(z*), then (x*,y*) is a strong Pareto optimal solution of (2). Since this
argument does not depend on y, we have the second statement.

2. Let (z*,y*) be a strong Pareto optimal solution of (2), by Lemma 2.2, z* is feasible for
(1). Now, given a feasible point = of (1), there exists y € R™ such that (z,y) is feasible for
(2). So, as there is no other feasible point (x,y) for (2) such that f;(x) < fi(z*), Vi with
F(x) # F(z*), then x* is a strong Pareto optimal solution of (1).

The proof is analogous for weak Pareto optimal solution. m

Theorem 2.1 shows the equivalence between weak /strong Pareto optimal solutions of (1) and
(2), but the situation is different for local solutions.

Theorem 2.2 Let z* € R™ be a local weak/strong Pareto optimal solution of (1). Then there
exists a vector y* € R™ such that (x*,y*) is a local weak/strong Pareto optimal solution of (2).

Proof. Suppose that z* is local strong Pareto optimal solution of (1). Define y* by y' = 1
if i € Ip(z*) and y; = 0 otherwise. Clearly, y¥ = 1 if and only if 2} = 0 and hence ely* =
n — ||lz*|lo > n — a. It is easy to see that (z*,y*) is feasible for (2). We claim that (z*,y*) is
a local strong Pareto optimal solution of (2). Indeed, by definition, there exists a d; > 0 such
that there is no a feasible point x € B(z*,d;) with fi(x) < fi(z*), Vi and ||z]o0 < «, due to
the assumed local optimality of z* for (1). Now, choose d2 = 1/2. Then we have y; > 0 for all
y € B(y*,02) and all i such that y; > 0. So,

{ilyi =0} C{i|y; =0} for all y € B(y",da). (3)

Now, take 6 = min{d;,da}. Let (x,y) € B(z*,d) x B(y*,d) be a feasible point of (2). Then, x
satisfies g(z) < 0 and h(z) = 0. Moreover, (3) implies z; #0=y; =0=y =0= 2 # 0 and
therefore ||z|lo < [|z*|lo. Hence, x is feasible for (1). Since x € B(z*,d;), we obtain from the
local weak Pareto optimality of x* for (1) that there is no x € QN B(z*, 1) with fi(z) < fi(z¥),
Vi. Consequently, (z*,y*) is a local strong Pareto optimal solution of the relaxed problem (2).
A similar proof when z* is a local weak Pareto optimal solution of (1). m The next example

shows that the converse of the theorem is not valid.

Example 2.1 Consider the MOPCaC and the corresponding relaxed problem

minimize F(z) = ((z3 — 1)2, —23) " minimize F(z) = ((z3 — 1)2, —3)"
nim () = ((z3 — 1)*, —3) inims () = ((z3 — 1)*, —3)
subject to x1 <0, subject to x1 <0,

[zllo <2, y1+y2+y3 > 1,

LTilYi :07 = 172737



Set z* = (0,1,0). Fizt € (0,1) and put y* := (1 —¢,0,t). We claim that (z*,y*) is a local
weak Pareto optimal solution of the relazed problem. Indeed, for every (x,y) sufficiently close
to (z*,y*), ys # 0 which implies that x3 = 0. Thus, in this case, fi(x) = fi(z*) = 1 and
fo(x) = fa(z*) = 0, proving the claim. On the other hand, x* is not a local weak Pareto
optimal solution of the MOPCaC. Indeed, for every xs = (0,1,6) (6 # 0) sufficiently close to
r* = (0,1,0), we have fi(xs) = (6 — 1) < fi(x*) =1 and fo(z5) = —6 < fao(z*) = 0.

Under some assumption, we have the converse of Theorem 2.2.

Theorem 2.3 Let (z*,y*) be a local weak Pareto optimal solution of (2). Then ||x*|lo = o if
and only if y* is unique, that is, there is exactly one y* such that (x*,y*) is a local weak Pareto
optimal solution of (2). In this case, the components of y* are binary and z* is a local weak
efficient solution of (1).

Proof. The proof follows [11, Proposition 3.5]. The “only if” part and the claim that y* is a
binary vector follow directly from Lemma 2.1. For the “if” part, assume that z* is a local weak
Pareto optimal solution of (1) with ||z*||p < a. Then, ||z*|[o < n — 2, and we can find k1 # ko
such that xj = xj = 0. Now, define y € R" as y; = 1 for i € Ip(z") and y; = 0 otherwise, and
y € R" as

1/2 ifiE{k‘l,k’g}

Ui = 1 ifzf=0,i¢ {ki,ka} .
0 ifi¢ Ip(z*)

Then, we can prove as in Theorem 2.2 that (z*, ) and (z*, §) are both local weak Pareto optimal
solution of (2) contradicting the uniqueness of y*. m

Summarizing, (1) and its relaxed problem (2) are equivalent in terms of feasible points and
weak /strong Pareto optimal solution, whereas for local weak/strong Pareto optimal solutions
we require an additional assumption which says that the cardinality constraint must be active.

Now, we recall some standard notations from optimization and variational analysis. Given
a cone K C R", K° := {v € R" | vk < 0Vk € K} is the polar set of K. For a given set-valued
mapping F : R® = R", the sequential Painlevé-Kuratowski outer/upper limit of F(z) as z — z*
is defined as the set

limsup F(z) = {y* € R" | 3 (2", 4%) = (2*,y*) with y* € F(2¥),Vk € N}.

z—z*

We continue with some definitions and useful results of variational analysis regarding MOPs.
Given a nonempty set {2, the tangent cone to €2 at & € Q is the set

kE_ =
Rﬂﬂ:{deRﬂHmﬂm)CQxR+wmmk%0mﬂxtkx%d}.

The (Fréchet) regular normal cone to 2 at & € Q) is defined as

~ T — T
NM@:{wGWﬂhmwpw(xinO}

r—T, rEQN H:L‘ - i'”

and the (Murdokhovich) limiting normal cone to 2 at = € Qis defined by Nqo(7) = limsup,_,; ,cq No(z).
When = ¢ Q, we set To(7) = 0, No(z) = 0 and No(7) = 0. We always have No(z) = To(z)°
and Nq(Z) C Nqo(Z). When € is convex, No(Z) = No(7) = {¢ € R* | (T'(x — z) < 0,Vx € Q}.



The normal and tangent cones are important objects in variational analysis, and they are
useful for obtaining verifiable necessary optimality conditions. In the scalar case (r = 1), they
are also used to define CQs, i.e., assumptions on the feasible set which guarantee the fulfillment
of the KKT conditions at local minimizers. In the multiobjective case, besides the tangent and
normal cone, we follow the approach [17] and we mention the multiobjective normal cone defined
in [17], which is a suitable tool for studying CQs for MOPs.

Definition 2.2 Let 2 be a closed subset of R”, z € Q and r € N, the reqular r-multiobjective
normal cone to Q) at T is the cone defined as

~ Ty —7
No(Z;r) =<V = (v)i—; € R™" | limsup min M <0,, (4)
vz, zeQi=Lr || — I

and the limiting r-multiobjective normal cone to 0 at € Q is defined by

Nq(Z;7) = limsup ]Vg(x;r).

r—T, rEQ
When  is convex, Nq(Z;r) = Nq(Z;r). Furthermore, we have

No(z;7) = {(v;)_; € R™" | , Juin v} (z —Z) <0,Vx € Q).

=1,..,r

For more details and properties of the r-multiobjective normal cone, see [17].

3 Stationary concepts for MOPCaC

From now on, consider the feasible set of (2) denoted by

g(x) <0, h(z) =0,
Q=<{(2,9) eER"xR"| ely>n—-a, 0<y<e, . (5)
rxy=20

Multiobjective optimization problems have many stationarity concepts such as weak/strong
Karush-Kuhn-Tucker (KKT) conditions which consider non-negative multipliers associated to
each objective functions, see [9]. In our optimization problem, in addition to considering mul-
tipliers associated to the objective functions, we also need to consider the different type of
multipliers associated to the cardinality constraint. This observation leads us to propose the
next tailored stationary conditions:

Definition 3.1 Consider (z,y) be a feasible point of (2). Suppose that there exists a vector
0# (M, N\ ) € R7 x R* x RP x R™ such that

VF(@) TN +Vg(@) TN + Vh(z)TMN +~4 = 0. (6)

Ngi(z)=0 forall i=1,...,m. (7)
Then, we say that (Z,7y) is a:
1. weak CaC-M-stationary point, if (6) and (7) hold with A/ # 0 and ~v; = 0 for all i € 1+(Z).



2. strong CaC-M-stationary point, if (6) and (7) hold with Azf >0 foralli=1,...,7 and
vi =0 for alli € I1(Z).

Moreover, (Z,y) is a

1. weak CaC-S-stationary point, if (Z,y) is a weak CaC-M-stationary point with ~v; = 0 for
all i € Io(ﬂ),

2. strong CaC-S-stationary point, if (Z,y) is a strong CaC-M-stationary point with v; = 0
for alli € Iy(y);

From the definition above, a weak/strong CaC-M-stationary point does not depend on
the point g, and every weak/strong CaC-S-stationary point is weak/strong CaC-M-stationary.
Clearly, if in (6), » = 1 such concepts reduce to CaC-M-stationarity and CaC-S-stationarity con-
ditions, discussed in [10]. Following the same arguments in [18], we see that given a weak/strong
CaC-M-stationary point (Z,y), it is possible to find another variable z such that (z,z) is a
weak /strong CaC-S-stationary point. See also Proposition 5.2. Furthermore, adapting the ar-
guments in [11, Theorem 4.7] (see also Theorem 5.1), we have:

Theorem 3.1 A point (z,Z) is a weak/strong CaC-S-stationary point if and only (Z,2) is a
weak/strong KKT point (see [17, Definition 2.2]) of the relaxed MOPCaC problem (2).

In the scalar case, since the standard CQs for nonlinear optimization are not sufficient to
ensure that local minimizers are CaC-M-stationary and/or CaC-S-stationary points, several
tailored CQs have been proposed and which exploit the special structure of the cardinality
constraint. To define such CQs we need more definitions. For the feasible Q2 defined in (5), we
consider the linearized cone to Q at (z,y) defined as

Vgi(2)Tu <0 for all i € Iy(z),
Vhi(z)Tu = foralli=1,...,p,
elv>0 if e’g=mn—a,
Do(@,p) = {d=(wv)| w0 for all i € Ioo(2,7), - ®)
v; <0 for all i € Ini(z,7),
w; =0 for all i € Io+(Z,7),
v; =0 for all i € I1o(Z, 7).

As in [14], we consider the CaC-linearized cone to 2 at (z,y) defined by
DG*(2,9) = Da(Z,5) N {d = (u,v) | uwv; = 0 for all i € Ioo(Z,7)} . (9)

The difference between DS%C(z,9) and Dg(Z, ) rely on in the inclusion of the relations u;v; =
0 for all i € Iyo(Z,y). Clearly, Dgac(f,gj) C Dq(Z,y). We use the linearized cones to define
very well-known CQs for cardinality constrained optimization problems.

Definition 3.2 Let (z,y) be feasible of (2). Then, we say that (T,y) satisfies
1. Abadie CQ (ACQ) if To(z,y) = Da(Z,7).
2. Guignard CQ (GCQ) if Ta(z,y)° = Da(z,y)°.
3. CaC-Abadie CQ (CaC-ACQ) if To(z,y) = DS (z, 7).



4. CaC-Guignard CQ (CaC-GCQ) if Ta(z,9)° = DS (z,7)°.

By [14, Proposition 3.4 and Theorem 3.7], To(z, ) € DS (z,7) C Dqo(Z,7) and Dq(Z,9)° =
Dgac(:f, 7)°. So, from the definitions presented above, ACQ implies CaC-ACQ and CaC-ACQ
implies CaC-GCQ. Moreover, the implications are strict [14] and GCQ is equivalent to CaC-
GCQ. We mention that in the scalar case, by [14, Theorem 4.2], we see that CaC-GCQ is
sufficient to ensure that every local minimizer (Z, ) of (2) is a CaC-S-stationary point. Finally,
we mention that in the linear case (i.e., when g and h are affine mappings), CaC-ACQ always
holds, but ACQ may fail which motivates the study of the CaC-linearized cone, [14]. For more
relations between others CaC-CQs stated in the literature, see Fig. 2.

4 New Constraint Qualifications for CaC-S-stationary points

In this section, we will use the r-multiobjective normal cone to define CQs for characterizing
different types of stationary concepts. Here, we focus on weak/strong CaC-S-stationarity con-
ditions, we will discuss CQs for weak/strong CaC-M-stationarity conditions in the next section.
We mention that our CQs depend only on the feasible set and do not require any information
of the objective functions, which differs from the regularity conditions for MOPs, see [6, 9] and
the references therein.

4.1 Constraint Qualifications for weak CaC-S-stationary points

Here, we start by giving the weakest CQ for the fulfillment of weak CaC-S-stationarity condi-
tion at local weak Pareto optimal solution. In [17, Theorem 4.2] for nonlinear multiobjective
optimization problems, the authors proposed the weakest CQ that guarantees that a local weak
Pareto optimal solution is a weak KKT point. Due to the equivalence between weak CaC-S-
stationary point and the weak KKT conditions for (2), we get the next result:

Theorem 4.1 Let (Z,y) be a feasible point of (2). The weakest property, namely MOP-WCQ,
under which every local weak Pareto optimal solution is a weak CaC-S-stationary point for every
continuously differentiable mapping, F(z) = (f1(x),..., fr(x))T is

DQ(jag) C gﬁ(jvg; T) (10)

where £o/(7,y;7) = {d € R |

in v;[d <0, for all (v;)i—; € Ng(f,yj; r)}.
yeeesT

As it stated in [17], when r = 1, (10) is the inclusion Dq(Z,y) C To(z,y)°°, which it turns is
equivalent to GCQ, Dq(Z,9)° = Ta(z,y)°. In MOP, we have a gap in scalar and multiobjective
optimization, see [1, 13], which states that ACQ is sufficient for the fulfillment of the weak KKT
point at every local weak Pareto optimal solution, but GCQ is not. Since ACQ implies CaC-
ACQ and both implies GCQ), it is natural to ask if CaC-ACQ is sufficient from the fulfillment
of the weak CaC-S-stationary point at local weak Pareto optimal solution. Another related
question is if in (10) we can replace Dq (%, §) by DS (%, ) and still has a CQ for the fulfillment
of weak CaC-S-stationarity conditions, since in the scalar case, (10) is equivalent to GCQ and
hence to CaC-GCQ. The next example provides negative answers to both questions.

Example 4.1 (CaC-ACQ and D§°°(7,7) C La(Z,7;r) hold, but (10) fails).



Consider the MOPCaC' and the corresponding relaxed problem,

minimize F(z) = (21, 22)7 minimize F(z) = (21, 22)"
z€R2 z,y€R2
subject to x1z9 =0, subject to x1z9 =0,
lzllo < 1, y1t+uy2 > 1,

szyz:Oa /L':]-727

Here, x* = (0,0) is the Pareto optimal solution of the cardinality problem. Set y* = (1,0), in
this case, (x*,y*) is a Pareto optimal solution of the relaxed problem which it is not a weak KKT
point. This, MOP-WCQ fails at (z*,y*).

After some calculations, Tq(Z,y) = Dg“c(i,y), that is, CaC-ACQ holds at (Z,y). Further-
more, by [17, Proposition 4.1 (17)], To(z,y) C L£a(Z,y;r) and since CaC-ACQ holds, we have
D§eC(z,9) = To(z,7) C LalZ, ;7).

[ MOP-WCQ (10)

ad T~
[ ACQ ] GCQ:CaC-GCQ}
? CaC-ACQ /]'

Figure 1: Relationships between the CQs for the fulfillment of MOP-WCQ.

4.2 Constraint Qualifications for weak CaC-S-stationary points: Linear case

Here, we investigate whether the CaC-S-stationarity conditions are necessary optimality condi-
tions for (2) where h and g are affine mappings. In the scalar case, it is known that CaC-ACQ
holds at every feasible point in 2 and hence GCQ, but ACQ may fails without further assump-
tions, see [14, Corollary 3.10]. Due to the gap between scalar and multiobjective optimization,
[1, 13], GCQ does not imply (10), and by Example 4.1, CaC-ACQ may not imply (10). Thus,
we cannot use the previously results to ensure (10) in the linear case. In order to be able to
ensure the fulfillment of (10) when h and g are affine, we proceed as follows: First, we start
with Lemma 4.1 that guarantees some kind of outer continuity of the polar sets associated with
linearized cones (8). Then, using this lemma, we get the result in Theorem 4.2

We state Lemma 4.1 in a more abstract setting, indeed, we consider a general polyhedral X

which includes Q as a particular case. Given aj,b; € R", ¢; € R, j € K :={1,...,m}, set
T T :
a;x+biy<c, VieK={1l,...,m}
X = R™ x R" J J 7 B . 11
{(aj,y)e X | xiy; = 0, Vie J={1,...,n} (11)

Clearly, € is a particular case of X for a proper choice of constraints. The next lemma ensures
the outer continuity of the linearized cone mapping z = Dx(z), z € X at z*, as z approaches
z* but restricted to X.

Lemma 4.1 Let z* = (z*,y*) be a feasible point within X. Then

limsup Dx(2)° C Dy (2")°.
z—z*, zeX



Proof. Let z* = (z*,y*) be a point in X and take (v,w) € limsup Dy (z)°. By definition

z—z*, zeX

of outer limits, there exist sequences 2* := (2%, 9*) € X and v* € Dx(2%)° such that 2% — 2*

and v* — v. Since (v¥,w*) € Dy (2¥)° and using the analytical form of X', we find multipliers

{\F} C ]R'f' and ,u? such that

= > Niag, b))+ > uf(yhes afe)”, (12)

jEKK i€J

with e; the ith canonical vector in R” and KF := {j | aJTxk + bfyk = ¢j}. After taking an
adequate subsequence, we assume that K = KF, fio = Lig(zF, y"), ﬁ)i = Ip+(2¥, y*) and
Ino = Ino(x*,y*) are constant. Certainly,

Lo = Lig(2*,y*) C Txo, lox = o (2", ") C Iox and Tog C Ioo = Ioo(z*, y").

From (12) and setting I, := (fio \ Iip) U (IAOi \ Ip+), we get

Z)‘ ai + Z “Jyjeﬁ+ Z “Jyjeﬂ+ Z '“Jyyeﬂ (13)

1€ j€l+o J€lot Jel,
S Y bt 3 et + Y st
1€ J€lio J€lot+ JEIF,

Notice that I, C fio U IAOi and that (y;?ej,a:’? -)T, j € -/fio U ./T\Oi are linearly independent

vectors. By applying Carathéodory theorem [2, Lemma 1] to (13), we find subset Kk c K and
multipliers )\k with )\k >0,V) € KCF such that

Z )‘kal+ Z “JyJeJ+ Z “J%%"‘ Z M]ygem (14)

iekk J€lxo j€lox Jelg,
k
Y W Y et Y slihe + Y bl
iekk J€lxo J€lo+ JEI,

and {(a;, b;)7, (y;?ej, :Ué?ej)T | j € Iio U Tox,i € KF} are linearly independent vectors. Moreover,

we will take a subsequence that ﬁk is constant, and we will denote this set by K.

Set M, = max{\¥, |u;€ |1 € K,j € IoUIps}. Now, let us suppose that M, is unbounded,
M}, — oo. Then, dividing (14) by M} and assuming Mk_l(xk,uk) — (A, p) with ||[(A, p)]] # 0,
we get

0=>> Nia,b)" + Y wiyies, je)" + Y wiyies, aje;)’, (15)

iek J€I+o jelot

where we use that (y;-“ej,:v?ej)T — (0,0) as k — oo for every j € I, C Ipp. Note that (15) and
|\, 1)|| # O imply that {(a;,b;)T, (y;ej,:c;fej)T | j € Iio U Iys,i € K} are linearly dependent

vectors, which is a contradiction with the fact that {(a;, b;)7, (yjkej, xfej)T | j € IioUlos,i € K}
are linearly independent, since for every j € Io U Iox, the vector (yre;,z; *e;)T is parallel to
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(yfej,xé?ej)T. Indeed, this follow from the next observation: Take j € Iox, then z7 = 0 and

Y5 # 0. From, Ip+ C fgi, we also get w? =0 and y;-“ % 0. Thus, we get
Y; Y;
X * T * T k T k, \T
(yjej7xjej) = (y]ejao) - y%(y]e],o) y%(y] 6],1']6]) .
J J
?eJ)T.

__ Thus, M}, must be bounded. Taking an adequate subsequence, we assume that (/):k, ,uk) —
(A, p). Taking limit in (14),

T_N" (@ N (Y56
SA( ) (G2 ) w( ) o
€KL

jelio J jelot

Similarly, for every j € Iiq, (yj €j, T; *e;)T is parallel to (yfej, x

with A; > 0,Vi € Z. Clearly, K C {j | a;‘»rx* + b;‘-[’y* = ¢;}. Thus, (16) implies that (v, w) €
DX(z*)O. |

We continue with the main result of this section, which ensures the validity of Dq(Z, ) C
£a(z,g;r) when h and g are affine mappings.

Theorem 4.2 Consider the feasible set Q when h and g are affine mappings. Then, Dq(Z,y) C
La(Z,y;r) holds for every feasible point (Z,y) € .

In particular, if (Z,y) is a weak local Pareto optimal solution for some smooth mapping F.
Then, (Z,9) is a weak CaC-S-stationary point.

Proof. Let z = (Z,y) be a feasible point of Q. By using the equivalence in Theorem 4.1, we
assume that z = (Z,y) is a weak local Pareto optimal solution of (2). Since, z is a weak local
Pareto optimal solution, there exists § > 0 such that Z is the unique solution of

1
mln max {fi(w) = fi(2)} + §Hw — Z||? subject to ||w — z|| < 5, w € Q. (17)

Following the proof of [17], we consider a smoothing function approximating max{ f;(z) — fi(2z) },
namely, for > 0, consider the smoothing function approximation g,(z) defined as

gn(2) :=nln {Zr:exp <fl(z)nfl(2)> } —nlnr, for every z € R?". (18)
i=1

Note for each 2z € R?", we get g, (z) — igaxr{fi(z) — fi(2)} asp — 0 and

Texp((fi(z) — fi(2))/n) ) (19)
S exp((£i(=) — f(2) /)
i=1

V(2 Ze )V fi(z) with 6;(z) =

From (19), ||6(w) = (61(2),...,0-(2))|l1 = 1. Now, consider the smooth optimization problem

1
Minimize g, (w) + §Hw — Z||? subject to ||w — Z|| <, we Q. (20)

11



Let {n*} be a sequence of positive parameters converging to 0 and denote by z* € Q the global
minimizer of (20) with n = n*. From the proof of [17], z¥ — Z and thus, for k large enough
|2¥ — 2| < 6. So, by optimality of z¥ and applying the Fermat’s rule, we get

Fi= —Vg () — (F - 2) Za WHGF) = (2F = 2) € No(2%) = To(2F)° (21)

Without loss of generality (after the possibility of taking an additional subsequence) we assume
that 6% converges to @ with [|0]; = 1 and @ € R’,. Taking limit in (21), since z* — 2, we get
T

v 0= =)0,V fi(2)

=1
By [14, Corollary 3.10], GCQ holds at z* for Q, so T(2¥)° = Dq(2*)°. From (21), {v*} is
a sequence in Dq(z*)° converging to v € limsup Dgq(2)°. By Lemma 4.1, limsup Dq(z)° C
z2—Z, z€5) z2—Z, 2€Q
s
Dq(z2)°,sov = — Z 0;V fi(2) € Dq(Z)°, which in turn implies that Z is a weak CaC-S-stationary

point. =

4.3 Constraint Qualifications for strong CaC-S-stationary points

Here, we focus on CQs for the fulfillment of strong CaC-S-stationary point. By [17, Theorem
4.2] and the equivalence of strong CaC-S-stationary point with strong KKT points, we establish
the following theorem.

Theorem 4.3 Let (z,y) be a feasible point of the problem (2). The weakest property, namely
MOP-5CQ, under which every local weak Pareto optimal solution is a strong CaC-S-stationary
point for every continuously differentiable mapping, F(x) = (fi(z),..., fr(z))T

Do(z,7) C £6(Z, ;7) (22)
where

£3(z, ;1) = {d € R* | Y(v;)_, € Na(&,7;r),v]d=0,Vi or min v!d < 0}.

i=1,...,r
Clearly, when r = 1, (22) reduces to Dq(Z, ) C Na(z,7)° = To(Z,7)°° which it is equivalent
to GCQ. Regrettably, inclusion (22) is too restrictive, and it may fail even in very well-behaved
constrained systems where Linear Independence CQ (LICQ) holds, [17, Examples 4.2, 4.3]. In

our case, inclusion (22) fails even if the constraints h and ¢ are linear mappings with linearly
independent gradients, as the next example shows.

Example 4.2 Consider the MOPCaC' and the corresponding relaxed problem

inimi F(z) = (22,22 r minimize F(z) = (22,22 + r
m13161€1%12126 (z) = (23,27 + x2) Ry (z) = (2,23 2)
subject to x1 4+ x2 <0, subject to 1 + 22 <0,

[zflo <1, y1+y2 =1,

fﬁzyz:(), i:1a2a
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Set z* = (0,0) and y* = (1,0). Here, (z*,y*) is a Pareto optimal solution of the relaved
problem which it is not a strong CaC-S-stationary point. However, the inequality constraint
g(x1,x2) == x1 + 22 < 0 is linear with non-null gradient Vg(x1,z2) = (1,1) # (0,0) for every
(x1,22).

We close this section with the Fig. 2 establishing the relations among some CQs discussed
here. See [14] for the corresponding definitions and relations.

CaC-
MFCQ [ Cac_
ol
a —_
CheQ [ CaC—AACQ H CaC—AGCQ ]

Y

EMFCQ H ACQ ] [ GCQ ]

\4

MOP-SCQ MOP-WCQ

Figure 2: Relationships between the CQs discussed in this work apply to the constrained system
Q. An arrow indicates a strict implication between two conditions.

5 Unifying the stationarity conditions for multiobjective prob-
lems with cardinality constraints

In this section, for MOP, we discuss the possibility of describing the concepts of CaC-M-
stationarity in a unified way. Here, we follow the approach of [20] which defines different levels
of stationarity depending on how the continuous parameter y determines the cardinality of the
variable x.

Definition 5.1 Let (Z,y) be a feasible point of the problem (2) and I be an index set such that
Ii(z) C I C Io(y). (23)

Suppose that there exists a vector 0 # (M, NI, A\ ~) € R% x R* x RP x R™ such that
VF@) TN +Vg@) TN + Vh(z) AN + 4 =0. (24)

Ngi(z) =0 foralli=1,...,m. (25)
Then, we say that (Z,y) is a:
1. weak CaC-My-stationary point, if (24) and (25) hold with A #0 and v; = 0 for alli € I.

13



2. strong CaC-Mj-stationary point, if (24) and (25) hold with )\Zf >0 foralli=1,...,r and
v =0 foralliel.

Clearly, if I = I (z), then weak/strong CaC-Mj-stationarity conditions coincide with the
weak /strong CaC-M-stationarity conditions, and if I = Iy(y) they coincide with weak/strong
CaC-S-stationarity conditions. As we see, there are different levels of stationarity, corresponding
to the set I in (23). As a direct consequence of the definitions, we get Proposition 5.1, see Fig.
3.

Proposition 5.1 Let (z,y) be feasible of (2). Let Iy and Iz be two sets of indexes such that
I.(z) c Iy C Iy C Ip(y). Then, weak/strong CaC-Mj,-stationarity implies weak/strong CaC-
M7, -stationarity.

In particular, a weak/strong CaC-S-stationary point is a CaC-Mj-stationary point for every
I such that I+(z) C I C Io(y).

CaC-S-stationary CaC—M[— CaC-M-stationary
stationary
(weak /strong) (weak /strong) (weak /strong)

Figure 3: Relationships between different stationary concepts in MOP with cardinality con-
straints, for a fixed feasible point (Z,y) and an index set I with I.(Z) C I C (7).

When Iyo(Z,7) = 0, we say that (Z,7) satisfies the strict complementarity and in this case,
all weak/strong CaC-Mj-stationarity conditions collapse to the weak/strong CaC-S-stationarity
condition. Similarly to the scalar case [20], we can characterize the different forms of weak/strong
M-stationarity with the weak/strong KKT stationarity of a certain MOPCaC. For this purpose,
for every feasible point (Z,y) of (2) and for every I satisfying (23), we define the Tight Nonlinear
Problem at (Z,y) with respect to the index I by

mirgglize F(z) = (fi(x), f2(x), ..., fr(iﬂ))T

subject to g(z) < 0,h(z) =0,
n—ely<a, (26)
0<y<e,

yi =0,i € Io(y) \ I
zy; =0,0€ TU I:t(flj).

We denote this problem by TNLP;(Z, ) and its feasible set is denoted by Q(Z, 7). Clearly,
(z,9) € Qr(z,y). Furthermore, as a direct consequence of the definition of TNLP;(Z,y), we
have the next lemma:

Lemma 5.1 Consider the problem TNLP(z,y) given by (26). Then,
1. Every feasible point of (26) is feasible for (2);

2. Every local weak/strong Pareto optimal solution of the problem (2) is also a local weak/strong
Pareto optimal solution of (26).

14



The constrained system given by the constraints, y; = 0, ¢ € Ip(y) \ I; ziy; = 0,1 € [ U 1L (y),
near to (z,y) is locally the same as y; = 0, 7 € Iy(y); ; =0, ¢ € I+ (y). This is the reason why
we call TNLP; as the tightened problem.

Theorem 5.1 Let (Z,y) be feasible of (2) and I be an index set satisfying I+ (z) C I C Iy(g).
Then, (Z,y) is a weak/strong Mr-stationary point, if and only if, it is a weak/strong KKT point
for the tightened problem (26).

Proof. Suppose that (z,7) is a weak KKT point of Q;(Z, 7). From the definition of weak KKT
condition, there are multipliers Af, A9, \*, 0, v, v~ 4% with M € R?, M =£ 0 such that

VE@) M +Vg@) 2\ + Va@) N+ > Afgie =0,

1€IUIL ()
—fe + Z niei + (vt —v7) + Z %Efi@z' =0,
i€lo(g)\I i€IUIL(y)

)\? >0, )\ggj(i) =0,Vy,
>0, (7 e—n+a)=0,
vt >0, v (i —1) =0,V

v- >0, v,y =0,Vi.

Now, set v € R" as v; := yfgi, if : € TUI4(y), and ~; := 0, otherwise. It is clear from the
definition that v; = 0 for every i € Io(y), since I C Iy(y) and Io(y) N I+(y) = 0. Thus, (Z,7) is
a weak CaC-Mj-stationary point.

Now, for the other inclusion, assume that (z,7) is a weak CaC-M - stationary point for some
)\f R, M £0, ), N\ and ~. Clearly, % =0, i € I. Define 7¢ as % = /i, © € 1+(y) and
71 = 0, otherwise. It is easy to see that 7 Ui = i, @ € I UIL(y). Furthermore, yfmz = 0 for
i € T UIL(y) since (Z,y) is feasible. Thus, putting 0 := 0, v := 0, v~ := 0 and 71 := 0, we see
that (z,7) is a weak KKT point. The same conclusions follow if (Z,7) is a strong KKT point.
[ ]

Proposition 5.2 Let (z,y) be feasible for (2) and I be an index set satisfying (23). If (Z,7)
is a weak/strong CaC-Mi-stationary point, then there exists Z such that (z,Z) is weak/strong
CaC-S-stationary point.

Proof. We suppose that (z,7) is a weak CaC-M-stationary point. The proof when (Z,7) is
a strong CaC-Mj-stationary point is similar. Now, from the definition, there exists a vector
04 M, M\ ) € R” x R x RP x R™ with M #0, Mgi(z) =0, Vi such that

VE@) M +Vg(@)TN +Vh(z) "N +4=0 and ~ =0 Viel.

Now, define z as z; =0, if i € [ and z; = 1, if i ¢ I. Note that I = Iy(z). Since I+(Z) C I, we
get x; =0, 1 ¢ I and so x;z; = 0,Vi. With this choice of z, it is not difficult to see that (z, z) is
a weak CaC-S-stationary point. m

Remark 5.1 Proposition 5.2 says that if T is a point such that (z,y) is a CaC-Mp-stationary

point for some y and I satisfying (23), then, there exists z such that (Z,z) is a CaC-Mj-
stationary point for every I with I+(Z) C I C Ip(2). Thus, from the point of view of the variable
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x, the only relevant stationarity concept is the weak/strong CaC-M-stationarity since the others
can be achieved with a proper choice of the companion variable y. But this does not make the
parameter y irrelevant, indeed, for the scalar case, several numerical methods for solving (1)
use the parameter y in its formulation. Furthermore, it is possible that some CQ holds at some
(z,y) but fail if we change y by another value, as the Example 5.1 shows.

Example 5.1 Consider the problem of minimizing F(z) = (x1 + 2,21 +x2)T subject to —x1 +
23 <0, and ||z|o < 1. Here, x* = (0,0) is its Pareto optimal solution. Set y* = (1,0) and
I = Iy(z*). Now, consider the associated relaxed problem and the corresponding TNLP(Z,y).

minimize F(z) = (@1 4 @2, 21 + x2)" minimize F(z) = (21 + @2, 21 4 22)"
z,y€R? z,y€R?
subject to —x1 + :c% <0, subject to —x1 + x% <0,
ity 21, ity 21,
iy, =0, 1 =1,2, zo =0, y1 =0,
0<y;<1,i:=12 0<y;<1,:=1,2

Here, (z*,y*) is a local Pareto optimal solution of the relaxed problem, but it is not a weak
CaC-S-stationary point. On the other hand, (z*,y*) is a CaC-M;-stationary point and Qr(Z,y)
satisfies ACQ at this point.

Example 5.1 leads us to consider CQs for the fulfillment of the CaC-M;j-stationarity con-
dition at local minimizer for a given I. Using the equivalence given in Theorem 5.1 and the
characterizations of the weak CQ for weak/strong KKT in [17, Theorem 4.1, Theorem 4.2], we
have

Theorem 5.2 Let (Z,7y) be a feasible point of (2) and I be an index set such that I.(z) C I C
In(y). Set Qp :=Q(z,y). Then,

(a) The weakest property such that every local weak Pareto optimal solution is a weak CaC-
S-stationary point for every continuously differentiable mapping, F(z) = (fi(x),..., f-(z)) is

DQ](i.7g) CﬂQI(f,g;T’), (27)

where £q,(z,y;7) = {d € R?" | 'Hllin vld <0, for all (v;)i_; € ]/\\TQI (z,y;7)}.
i=1,...,r

(b) The weakest property under which every local weak Pareto optimal solution is a strong
CaC-M;r-stationary point for every continuously differentiable mapping, F(x) = (fi(z),..., fr(z))T
18

DQ[(jag) C Sgl(j7g; T)v (28)

where

25[ (Z,7;7)={d € R*" | Y(v;)}_; € NQI (Z,7;7),vld = 0,Vi orizrllinTv?d < 0}.
We know that ACQ is enough to ensure that every local weak Pareto optimal solution satisfies
the weak KKT conditions then let (Z,7) be a feasible point of (2) and I be an index set with
I.(z) ¢ I C Iy(y), a sufficient CQ to ensure the fulfillment of (27) is that ACQ holds for
the constraint set Q;(z,y) at (z,y). In this case, we say that ACQ(I) holds at (Z,y). Using
an argument similar to [20, Theorem 5], it is not difficult to see ACQ(I) holds at (z,y) if
IOO(:E7§) N (I U I:l:(g)) = IOO(jag) ni=0.
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Before wrapping up this section, to show the relevance of MOPCaC, we present some appli-
cations in which it appears. The first application is portfolio selection, which originally proposed
by H. Markowitz [22] (see [19] for a recent survey on the subject). Motivated by a multiobjective
formulation of the portfolio selection [15, 21], we present a MOPCaC formulation of it which
imposes a bound on the number of assets in the portfolio:

minimize T) = T),... )T
nimm F(z) = (fi(z),..., fr(z)) (29)

subject to  elz =1, 0<z<e, |z[o<a.

The variable z is the investment portfolio, where x; represents a fraction of the investment
allocated to an asset ¢ and « represents the bound on the number of assets in the portfo-
lio. A mean-variance version of the problem, which is resulted from minimizing the risk and
the negative return, is derived by setting » = 2 in (29), and choosing fi(z) = szzl T3 Ti T
and fo(x) = — D | ftixi, where p; is the expected return of the asset ¢, 0;; represents the covari-
ance between the return on asset i and j. A mean-variance-skewness version of the problem is
derived by setting r = 3 in (29) and choosing f3(x) = E%kil SijkTiT;T), where s;;, represents
the skewness [15, 21].

Other important problem is the elastic net [25] regularized version of logistic regression [4].
Due to the conflict between obtaining a good fit to the data set and the need for avoiding
overfitting the data, and also the necessity for selecting a set of the most important features, it
can be formulated as the following MOPCaC:

BER™
subject to  [|5]lo < a,

M T
minimize  F(8) = (@Zlogmexp(—q%%) , IIBIIQ) (30)
=1

where {p',...,p™} is the set of sample data with n features, and {¢*,...,¢M} with ¢’ € {—1,1},
represents their corresponding labels.

6 Conclusions and Final Remarks

In this paper, we proposed and analyzed Pareto optimality conditions and constraint qualifica-
tions for Multiobjective Programs with Cardinality Constraints (MOPCaC). For this purpose,
we take advantage of the approach for the scalar case in [20], which uses a recently developed
continuous formulation. In view of the possibility of conflict among the objective functions, we
consider different notions of optimality (weak/strong Pareto optimal solutions).

Several theoretical results were proposed. First, we proved the equivalence between weak /strong
Pareto optimal solution of the MOPCaC problem and its relaxed problem. We emphasize that
for local solutions, we guarantee the equivalence if cardinality constraint is active.

We defined tailored stationarity conditions, namely weak/strong CaC-M-stationarity and
weak /strong CaC-S-stationarity, considering multipliers associated with objective functions and
cardinality constraint. Furthermore, we obtained the equivalence between weak/strong CaC-S-
stationary and weak/strong KKT point of the relaxed MOPCaC problem.

In addition, we used the r-multiobjective normal cone defined in [17] to study CQs for
MOPCaC to characterize the stationarity concepts presented here. In addition, we compared
these CQs with other well-known CQs for cardinality constrained optimization problems. Thus,
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we established the weakest CQ, namely MOP-WCQ), to guarantee the fulfillment of the weak
CaC-S-stationarity condition at local weak Pareto optimal solution. In particular, we proved
that in the linear case, this CQ holds for all feasible points. Moreover, we proposed the weakest
CQ, namely MOP-SCQ, to guarantee the fulfillment of strong CaC-S-stationarity condition at
local weak Pareto optimal solution. We also proposed weak/strong CaC-M-stationarity in a
unified way.
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