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We establish a Fredholm criterion for an arbitrary operator in the Banach algebra of singular integral operators
with pilecewise continuous coefficients on Nakano spaces (generalized Lebesgue spaces with variable exponent) with
Khvedelidze weights over Carleson curves with logarithmic whirl points.

'ﬁ'ﬂ'ﬂ"‘:ﬁ'—ﬂ
1. Imtroductios
ﬁp—] — 1 — . o — A-L _—— - . N._T *
F CuLl 1l LheOl v Ul Ulit:‘-QHIWE'LB'UIldi S1Y % 11r1I' 1__

oral Operators (SIOs) with piecewise continuous kPC )
coefficients on weighted Lebesgue spaces was con-
structed by Gohberg and Krupnik [1-3] in the begin-
ning ot 70s in the case of Khvedelidze weights and
plecewise Lyapunov curves (see also the monographs
14-7]). Simonenkc and Chin Ngok Min [8] suggested
another approach to the study of the Bana,(;h algebra
of singular integral operators with piecewise continu-
ocus cceificients on Lebesgue spaces with Khvedelidze
weights over piecewise Lyapunov curves. This ap-
proach is based on Simonenko’s local principle [9]. In
1992 Spitkovsky [10] made a next significant step: he
proved a Fredholm criterion for an individual SIO with
PC coetficients on Lebesgue spaces with Muckenhoupt
weights over Lyapunov curves. Finally, Béttcher and
Yu. Karlovich extended Spitkovsky’s result to the case
oi arbitrary Carleson curves and Banach algebras of
S510s with PC coefficients. After their work the Fred-
holm theory of SIOs with PC' coefficients is available
In the maximal generality (that, is, when the Cauchy
singular integral operator S is bounded on weighted
Lebesgue spaces). We recommend the nice paper [11]
for a first reading about this topic and the book [12]

tor a complete and self-contained exposition.

It 1s quite natural to consider the same problems
1 other, more general, spaces of measurable functions
on which the operator S is hounded. Good candidates
for this role are rearrangement-invariant spaces (that
1S, SpP&aces with the property that norms of equimea-
urable ons are equal). These spaces have nice
mterpola,tlon properties and boundedness results can
be extracted from known results for Lebesgue spaces
applying interpolation theorems. The author extended
(some parts of) the Boéttcher-Yu. Karlovich Fred-
holm theory of SIOs with PC' coeificients to the case
of rearrangement-invariant spaces with Muckenhoupt
weights [13, 14|. Notice that necessary conditions for
the Fredholmness of an individual singular integral op-
erator with PC coefficients are obtained in [15]| for
welghted reflexive Banach function spaces on which
the operator S is bounded.

Y Ty
Lild

Nakano spaces LPU! (generalized Lebesgue spaces
with variable exponent) are a nontrivial example of
Banach function spaces which are not rearrangement-
invariant, in general. Many results about the behavior
of some classical operators on these spaces have im-
portant applications to fluid dynamics (see [16] and
the references therein). Kokilashvili and Samko [17]
proved that the operator S is bounded on weighted
Nakano spaces for the case of nice curves, nice weights,
and nice (but variable!) exponents. The} also ex-
tended the Gohberg-Krupnik Fredholm criterion for
an ndividual SIOQ with PC ccefficients to this situ-
ation [18] (see also [19]). The author [20] has found a
Fredholm criterion and a formula for the index of an
arbitrary operator in the Banach algebra of SIOs with
PC coefficients on Nakano spaces with Khvedelidze
welghts over either Lyapunov curves or Radon curves
without cusps.

Very recently Kokilashvili and Samko [21] (see also
22, Theorem 7.1]) have proved a boundedness criterion
for the Cauchy singular integral operator .S on Nakano
spaces with Khvedelidze weights over arbitrary Car-
leson curves. Combining this boundedness result with
the machinery developed in [{15], we are able to prove a
Fredholm criterion for an individual SIO on a Nakano
space with a Khvedelidze weight over a Carleson curve
satistying a “logarithmic whirl condition"” (see [23; 12.
Ch.1]). at each point. Further, we extend this result
to the case of Banach algebras of SIOs with PC coeffi-
cients, using the approach developed in [12, 15, 20, 23].

The paper is organized as follows. In Section 2 we
define weighted Nakano spaces and discuss the bound-
edness o1 tiie operator S on these spaces. Section 3 con-
tains a Fredholm criterion for an individual SIQO with
PC coefficients on weighted Nakano spaces. The proof
of this result is based on the local principle of Simo-
nenko type and factorization technique. In Section 4
we tormulate the Allan-Douglas local principle and the
two projecticns theorem. The results of Section 4 are
the main tools allowing us to construct a symbol calcu-
lus for the Banach algebra of SIOs with PC coefficients
acting on a Nakano space with a Khvedelidze weight
over a Carleson curve with logarithmic whirl points in
Section 5.
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2. Preliminaries

2.1. Weighted Nakano spaces L* (), Function
spaces LP() of Lebesgue type with variable exponent p
were studied for the first time by Orlicz [24] in 1931,
but notice that another kind of Banach spaces is called
after him. Inspired by the successful theory of Orlicz
spaces, Nakano defined in the late forties |25, 26] SO-
called modular spaces. He considered the space LAY a
an example of modular spaces. In 1959, Musielak and
Orlicz [27] extended the definition of modular spaces by
Nakano. Actually, that paper was the starting point
for the theory of Musielak-Orlicz spaces (generalized
Orlicz spaces generated by Young functions with a pa-

rameter), see [28].
TLet T' be 2

homeomornhic 1o a Cir-

et j L] il Wl i — — — - rr ***** g g

cle) rectifiable curve. We equip I with the Lebesgue
length measure |d7| and the counter-clockwise orien-
tation. Let p: I’ — (1,00) be a measurable function.
Consider the convex modular (see [28, Ch. 1| for defi-
nitions and properties)

Tordan (ie
— TSy

m(f,p) = /F F)P |dr

Denote by LP() the set of all measurable complex-
valued functions f on I' such that m{Af,p) < oo for
some A = A(f) > 0. This set becomes a Banach space
when equipped with the Luzemburg-Nakano norm

N ey 1=

(see, e.g., [28, Ch. 2|). Thus, the spaces LPY) are a
special case of Musielak-Orlicz spaces. Sometimes the
spaces LPU) are referred to as Nakano spaces. We will
follow this tradition. Clearly, if p(-) = p 1s constant,
then the Nakano space P s 1sometr1(,alh 1SOMOT -
phic to the Lebesgue space LP. Thereiore, sometimes
the spaces LP) are called generalized Lebesgue spaces
with variable exponent or, simply, variable L” spaces.
We shall assume that

inf {A>0: m(f/Ap) < 1j

esssup p(t) < oo (1)

el

1 f
< essinfp(t),

In this case the conjugate exponent

_pli)
q(t) = -

has the same property.
A nonnegative measurable function w on the curve

(tel)

o e R

T ~
I 18 TCIEITE
ervwhere on L

by

f'] + W I'\-'L -I? T A -J-‘\ -~ 'I""'L-IW"I
'l b@ asS a u.fc.ﬂymb il o u;(:..’; OO0 ouiri: St &v-

The weighied Nakano space is defined

Lif') — {f is measurable on I' and fuw € Lp(’)}

) is defined e

The norm in L2V

1IerP‘f'.‘ —
At gy

2.2. Carleson curves. A rectifiable Jordan curve
" is said to be a Carleson (or Ahlfors-David regular)

curve if

(¢, R)|
Sup sup < 00,
tel R>0 1t
where I'(t,R) ;= {7 €' : |7 —t| < R} for R > 0 and

) denotes the measure of a measurable set {8 C T
We can write

carg({r—1)

e I\ {t},

and the argument can be chosen so that it is continuous
on I'\ {t}. Seifullaev [39] showed that for an arbitrary
Carleson curve the estimate arg(7—t) = O(—log |7—t})

7 — t holds for every t € I". A simpler proof of this
result can be found in |12, Theorem 1.10]. One says
that a Carleson curve I satisfies the {ogarithmic whirl
condition at t € I' i

T—1t= 1T —tle for

arg(t —t) = —6(t)log |t =t + O(1) (7 —=1) (2)
vith some §(¢) € R. Notice that all piecewise smooth
curves satisty this COI’ldlthIl at each point and, more-
over, 6(1) = 0. For more information along these lines,
see {11; 12, Ch. 1; 23].

2.3. The Cauchy singular integral operator.

The Cauchy singular integral of f € L' is defined by

lim — f ) 4r e,
R—0 7t Jpzp(¢,R) 7 — ¢

(SFi(t) =

"~. L

Not so much is known about the boundedness of
the Cauchy singular integral operator S on weighted

Nakano spaces Lﬁ,(') for general curves, general weights,
and general exponents p(-). From [15, Theorem 6.1} we

[.LU
1mmnr41,ﬁfah; f:m:nT 1‘!1:3 +m”ru_:r1ﬂﬂ“

L W e b b i et A - ' --——.n

Theorem 2.1. Let I be a rectifiable Jordan curve,
et w: T — [0,00] be a weight, and let p: I — (1,00}
be o measurable function satisfying (1). If the Cauchy
singular integral gemerates a bounded operator S on

the weighted Nakano space LPF‘): then

1 |
sup sup SllwxreallLeo lxriem /wllpe < oo (3)

tel R>0 L1

From the Holder inequality for Nakano spaces (see.
e.g., [28] or [29]) and (3) we deduce that if S is bounded

on Llﬁf*): then I' is necessarilv a Carleson curve. If the

xponent p{-) = p € {1.00) is constant. then (3) is sim-
ply the famous Muckenhoupt condition 4,. It is well
known that for classical Lebesgue spaces LF this con-
dition is not onlv necessary. but also sufficient for the
boundedness of the Cauchy singular integral operator
S. A detailed proof of this result can be found in |12,
Theorer 4.15].
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Let vV € N, Consicer now a power weight
N
£ Tr AR —_ - .-
O(T) == ¥ 4 IT — Tel7" TnoE L = 1 ATL ()
=0 14! e oo T i G A Y
=1

where all Ap are real numbers. Introduce the class P
of exponents p: I' — (1, co) satisfying (1) and

p(r) =) < —-

—

oS
i

S

for some A € (0,00) and all 7,¢ € T such that
Tt < 1/2.
The following criterion for the boundedness of the
Cauchy smgular integral operator on Nakano spaces
vith power weights (6) has been recently proved
Ly hokilashvili and Samko {21] (see also [22, Theo-

rem 7.11).

1 hneorem 2.2. Let I be a Carleson Jordan curve.
let o be a power weight of the form (4), and letp € P.

The Cauchy singular integral operator S 15 bounded on

the weighted Nakano space LE('} ioana oy i
1 _ |
0 < FAL <1 forall kKe{l,...,N}. (6)
p(Tfﬁ)

For weighted Lebesgue spaces over Lyvapunov
curves the above theorem was proved by Khvedelidze
130} (see also the proof in [1, 7, 31]). Therefore the
weights of the form (4) are often calied Khvedelidze
weights. We shall follow this tradition.

Notice that if p is constant and I' is a Carleson
curve, then (6) is equivalent to the fact that g is a
Muckenhoupt weight (see, e.g., [12, Ch.2]). Analo-
gously one can prove that if the exponent p belong
to the class 7 and the curve I' is Carleson, then the
power weight (4) satisfies the condition (3) if and only
if (6) is fulfilled. The proof of this fact is based on
certamn estimates for the norms of power functions in
Nakano spaces with exponents in the class P (see also

115, Lemmas 5.7 and 5.8; 17]).

3. Singular integral op
with PC coefficients

Lemma 6.41).
essentially

k- + a
The operators of the form

are bounded projections on L‘g{-'} {See 115,
Let L™ denote the space of all measurable
bounded functions on T.
af + ) with a € L*™ are called singular integral over-
ators (SI0s). Two functions a,b € L™ are said to be
locally equivalent at a point ¢t € T if

inf {[|(a = b)¢cllow : c€C, c(t) = 1} =

1

the conditions of 2
are satishied and a € L= Suppose for eac
tiiere 18 u Junction G € L7 whicn 18 (ocaliy eqm’w-
Tf the eperators a; P + () are Fredho

c T, then aP + Q) is Fr Ed’ww’n on

""M{I’J

a
o T

For weighted Lebesgue spaces this theorem is
known as Sli,{lO"l enko’s local principle [9]. It follows
from |15, Theorem 6.13].

3.2. Simonenko’s factorization theorem. The
curve [ divides the complex plane C into the bounded
simply connected domain D™ and the unbounded do-

maln 7. Without loss ot generalitv we assume that
0 € D7. We say that a function ¢ € L*° admits a
™" T ™+ r o~ - '( -t et
Y/ EE’QE?"~I‘;’ EI‘ TG er"g Qﬂ, 7 L?\ } 11- .,'Ir'_,.i{i.ﬂ:- - Lt-ﬂu aiifj &
can be written in the ‘_rorm

a(t) = a_(t)t"ar(f) ae onl, (7)

where © € Z, and the factors a4+ enjoy the following
properties:

() a- € QLY + T, 1/a_ e QLY) + C

aL € PL 1/a. € PLE('J._,

/

(ii) the operator (1/ay)Sa+I is bounded on Lg(‘}*

One can prove that the number s is uniquely deter-
mined.

Thecrem 3.2. Suppose the conditions of Theo-
A junciien o € L™ admits a
if and only if
If aP + ()

rem 2.2 are satisfied.
Wiener-dopf factorization (7) on Lf’;(')
the operator aP + () 1s Fredholm on Lg( )
15 Fredholm. then its index 1s equal to —k.

This theorem goes back to Simonenko [32. 33!. For

more about this topic we refer to |1, Section 8.3;

™ ': - IQ b . -y d ey . r4 ﬁ-l - -'—1/-~--1
Section 6.12; 34, Section 5.5] and also to [4, 8] in the
i - - - : ) ﬁ -y~
case of w ezg“t a ‘J,._,Lﬂs”‘m spaces. Thecrem 3.2 follows

heorem 6. 1-1]

3. 5 '57 dholm criterion for singular integral
operators wlth P coefilicients. We denote by PC
the Banach algebra of all piecewise continuous func-
tions on 1: a fu 1Ct10n a € L“x’ belongs to PC if and

exist for every t € T
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Theorem 3.3. Let T’ be a Carleson Jordan curve
satisfuing (2) with 6(t) € R for every t € I'. Suppose
p € P and g is a power weight of the form (4) which
satisfies (6). The operator aP + (), where a € PC,

is Fredholm on the weighted Nakano space L2 if and
only if a(t £ 0) # 0 and

1 a(t — 0) o(t), jat=0)
— arg - iog
2T a(t + 0) 2m a(t + 0)
1

+ = - A(t) € Z (8)

for all t € I', where

o,

Tk s )Z{‘E{lj....,f\/ﬂ}j
F\ { _ ar b

- j d J "\j J *

k3

TR |

[
g

(D S

r_-:‘.u

b,

At) = {

Proof. The necessity part follows from [15, Theo-
rem 8.1] because the Bottcher-Yu. Karlovich indicator
functions oy and B; in that theorem for a Khvedelidze
weight ¢ and a Carleson curve I' satislying the loga-
rithmic whirl condition (2) at ¢t € I" are calculated by

a(z) = Be(x) =

(see [12, Ch. 3] or [14, Lemma 3.9}).
Sufficiency. If aP + @ is Fredholm. then, by [15,
Theorem 6.11], a(t £0) #Ofor ali t € L.

Fix t € T". For the function a we construct a “canon-
ical” function g; ., which is locally equivalent to a at the

At) +60{t)r for z ek

N b

point ¢ € I'. The interior and the exterior of the unit

circle can be conformally mapped onto DT and D~ of

[, respectively, so that the point 1 is mapped to t, and
the points 0 € DT and oo € D~ remain fixed. Let Ag
and A, denote the images of [0,1] and [1,00) U {00}
under this map. The curve Ag U Ay joins 0 to oo and
meets T at exactly one point, namely t. Let arg z be a
continuous branch of argument in (C\ Ag UAL). For
~ € C, define the function 27 := |z{7e"¥E7, where
z € C\ (Ag UAy). Clearly, 27 is an analytic function
in C\ (Ag U Ag). The restriction of 27 to I'\ {1} will
be denoted by g;~. Obviously, gi,, is continuous and
nonzero on I' \ {t}. Since a{t £0) # 0, we can defne
v = v € C by the formulas

1 a(t — Q) 1 a(t —0)
- = ,,I v 1= ——log
21 - a(t + 0) Y ) °

Re'yt L=

é
-y
-
)
::r
e
i
(D
)
Fotal oy
::r
oo
L—-‘-..
- 0
P
et
-
<1
O
)
5
9
)
{C
b i
O
1
r’[}
b
tn
.
(D
3 Al
o
e .
0
=

integer only. CUleariy. thele 18 a constant ¢ € L\ {{}}

such that a{t £0) = ¢;g:.4, (t £ 0), which means that a
is locally equivalent to ¢;g:.~, at the point ¢ € 1. From
(8) it follows that there exists an m; € Z such that

1 -
— Re vy — o(¢) Im ¢ - A (1) < 1.

0<mt

By Theorem 2.2, the operator S is bounded on Lg('),
where 3(7) = |7 — t|meRem—ottiimye o3 for 7 € . In

ekl A LS )‘ —

view of the logarithmic whirl condition (2) we have

. f—|mt_ﬁ"e 1 elm v: arg{T—1) __

(r =)™ =7
m: —Re vy e Im ¢ (6(2) log {7 —t|4+O(1})

= \T — 1

— | — t ﬂlt“Re "}"t—tﬁ(t) Im Ny Im "}*’tO(lJ

€

as 7 — t. Therefore the operator Q¢ m,—~ SPt.y,~m: >
where @, -~ (T) = [(T—1)7* 77|, is bounded on LE(').

Then, by [15, Lemma 7.1}, the function g;., admits

a Wiener-Hopf factorization on L5 ‘). Due to Theo-
rem 3.2, the operator g; -, P + & is Fredholm. Then
the operator ¢;ig: -, F + @ is Fredholm, too. Since the

fiinetion roo. . i¢ loecally :::-rmurﬂ]pﬂt tno the funection g at

every point f c T, in view of Theorem 3.1, the operator

aP + () is Fredholm on LP( )
3.4. Double logarithmic spirals. Given 21,29 €
C.6 R, and r € (0,1), put

5(31322;017“) = {21122} U< 2 & C \ {21?22} :

Z — 21 ~ — &1
arg 0 log
Z — Z9 L — Z9

c 2rr - 277

The set S(z1, z2:6,7) is a double logarithmic spiral
whirling about the points z; and zo. It degenerates to a

—— ey

familiar Widom—Gohberg—Krupnik circuiar arc wnen-
ever 6 = 0 (see [1, 12]).

Fix t € T and consider a function y: € £C which

is continuous on I'\ {f} and satisfies x:(¢ —0) = 0 and

me ’Fhﬂorem 2.3 we get the following.

O

Corellary 1. Let T be a Carleson Jordan curve
satisfying (2) with 6(t) € R for every t € I'. Suppose
p € P and o is a power weight of the jorm {4) which
satisfies (6). Then

{}‘ c C: (ye — )P+ is not Fredholm on Lg{*)}
— ‘S(O? 1;6(1), 1/plt) + ;’\(t)) .

4. Tools for the construction
of the symbol calculus

4.1. The Allan-Douglas local principle. Let
B be a Banach algebra with identity. A subalgebra 2
of B is said to be a central subalgebra if 2b = bz for all

< Z and all b € 5.

{2

Thecorem 4.1. (see [34, Theorem 1.34(a)}). Let B
be a Banach algebra with unit e and let Z be closed
central subalgebra of B containing e. Let M (Z} be the
mazimal ideal space of Z, and for w € M(Z), let J,

138
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rejer to the smallest closed twe-sided ideal of B con- the Banach algebra of all bounded linear OPerators on
tarning the weal w. Then an element b is wnvertivle Y,. and let K := IC{X},) be the closed two-sided idea]
in B if and only of b+ J. is invertidle in ihe quotient of all compact operators on X,. We denote by (N7
algebra B/J_. for oll w € M(Z). (resp. PO the collection of all continuous {resp.
. o . Diecewise continuous) n x n matrix functions. thart is.

4.2. The two projections theorem. The fol- matrix-valued functions with entries in C' (resp. PC).

lowing two projections theorem was obtained by Finck.
Roch, Silbermann [35] and Gohberg, Krupnik {36].

Theorem 4.2. Let F Je a Banach algebre with

waentity e. let C be a Banach subalgebra of F which
contains e and s wsomorphic to T, and let p and ¢
be two projections in F such thot cp = pe and cg = gc

Jor all ¢ € C. Let W = alg(C.p,q) be the smallest
closed swbaigebra of F' containing C,p,q. Put
r=pyp+ (e —p)le —qglle — p).

aenote by spa the spectrum of x i F. and suppose the
pownts U and 1 are not isolated points of spx. Then
Jor each jt € spx the mep o, of CU{p, g} inte the

"2 ‘) # 7 ? o ; L
algebra T-"77" of all complez Zn x 2n matrices
defined by

!

(a)

Fi
! _,

I { U\ /
T, (" = - ) . (O}
g LO Sy ( -

1— )b
) "(\/ 1 — \/’u 'L \
w(l —p)E

(]. B L{)}; /’
where ¢ € C. F denotes the n X n unit matrir and
Vil — u) denotes any comples

number whose
square 45 {1l — ), extends te a Banach algebra
homomorphism

-

2

(10)

. I3 2nxin,
J’u/ . I;-I‘ —-} C y

every element a of the wygedra W 5 invertible in
the algebra F' if and only if

deto,a # 0  for all u € spua:

the algebra W 1s tnverse closed in F' if and only if
the spectrum of x wn VW coincides with the SpFC-

trum of T wn F.

A further generalization of the above result to the
case of NV projections is contained in [12}.

5. Algebra of singular integral
operators with P{C coefficients

5.1. The ideal of compact operators. in this
secticn we will suppose that [ is a Carleson curve sat-
istying (2) with o0(t) € R for every ¢ € T, P € '}f‘: ‘ﬁ?‘*d 0
1s a Khvedelidze Weiﬂ“ht of the form {4} which satisfies
(6). Let X, := Lp |, be the dllect Sum 0[ n COPIEs Of
weighted Nakano spaces X := L2/ et B:= B{X,) be

13

S

Put 7' .= diag{7..... I} and S\?' := diag{S,..., S}.
Our aim is to get a Fredholm criterion for an operator
4 el = &l%(PCTHK n S{H)Jr
the smallest Banach subalgebra of 5 which contains all

operators of multiplication by matrix-valued functions
m PC™ and the operator SV,

Lemma 2.
hra alg(Cmxn Gur

—_

which contains the operators of multiplication by con-
brnuous matriz-valued functions and the operator S

he wdeal JO s w*nmmed in the alge-
Y. the smallest ciosed subalgebra of A

1"‘!"] "1.-"-}

Cioul u Al1iCl Ccull ut’
0. Lemma 5.1].
shall de-

L1

ihe proot of this statement is

developed as in {37, Lemma 9.1] o [
5.2. Operators of local type. We

by B7 the Calkin algebra B/X
memr A+ K for any operator 4 € 3. An opprator

c B is sald to be of local u;m-’ if eI — ¢4 is com-
pact for all ¢ € C, where ¢I'"" denotes the Operamr ot
multiplication by the diagonal matrix-valued function
diag{c. ..., ~}. This notion goes back to Simonenko [9]
(see also tht"‘ presentation of Simonenko’s local theory
in his joint monograph with Chin Ngok Min [8]). It
easy to see that the set £ of all operators of local type
1S a closed subalgebra of B.

anda b}' _—'.L

+
oLl

Proposition 3. (a) We have K CU C L.

18 Fredholm if and only +f
ertible in the quotient a?geb:a

(b) An operator A € [
the coset A" s inu

LT =LK,

Froof. (a) The embedding £ C U foliows from
)

Lemima 2, the emb %‘(ng U C L f;llmas from the fact
(see. €. [1 5, Lemma 6 o])

o b ] 1"\ 1-1'1'3
bS.La L'E*TI' ﬂ.LLL.

his fact i
From Proposition 3(a) we
deduce that the guotient algebras U7 UK and
L7 = L/K are well defined. We shall study the in-
vertibility of an element A™ of 4™ in the larger algebra
L7 by using a localization techniques (more precisely.

Theorem 4.1} T¢ this end, consider
c € C'}.

rrom the definition of £ it follows that Z7 is a central

Z7 = {(cIU)T

subalgebra of L™, The maximal ideal space M (Z7) of
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Z™ may be identified with the curve I' via the Geltand
map § given by

G:Z" = C. (GleI'"™)T)(t) = clt) (teT).

In accordance with Theorem 4.1, for every t € I we
define J; C L™ as the smallest closed two-sided 1deal

of L™ containing the set

{{cI"™™ : ceC. ¢(t) =05,

Consider a function y:; € PC which 1s continuous
on I'\ {t} and satisfies x;({ = 0) = 0 and x(t+0) = 1.
For a € PC™*™ define the function g € PCT""" by

a = a{t — O (1 - x¢) +alt +0)x; (11)

507 —{ay f””')r c Ji. Bence, for any oper-
ator A €/ "',* the coset A™ + J; belongs tc the smallest
closed subalgebra VW; of .C"’T/ jf containing the cosets

stny/2)" T go= eI ™YT 4 T, (12)

1

.nd

..--""""-..

— ((I(?l

where . J'™ denotes the operator of multiplication by

the diagonal matrix-valued function diag{x:,..-,X:}
and the algebra
I {(CI(??,))‘H 1 jt ¢ C (Cnxn}- (13)

The latter algebra is obviously isomorphic to C"*™, so
C and C**™ can be identified with each other.

5.4. The spectrum of pgp + (e —p)(e —q)(e—
—p). Since P2 = Pon LY (see, e.g., [15, Lemma 6.4)

and x7 —x: € C, (x7 — x¢)(t) = 0, it is easy to see that
p’=p, ¢ =gq, pc=cp. gqc=cq  (14)

for everv ¢ € C, where p, g and C are given by (12) and
(13). To apply Theorem 4.2 to the algebras F' = L7 /Ty
and W = W, = alg(C,p,q), we have to identily the
spectrum of

pgp + (e — p)(e — g)(e — p) _

L™/ J-: here pinl .= {I{'”)
(*;1_])/12-

Lemma 4. Let ¢ € PC be a continuous function
on T\ {t} such that x;(t —0) =0, x¢(7 +0) =1 and

+ 5 /2

in the algebra I =
and Q(”) — (I(”) — 8

vi(D\ {t) N S(0.1;6(¢), 1/p(t) + A(t)) = 0.

Then the spectrum of (15) 1n the aﬂgebm 1T cotn-

cides with S(0.1:6(2).1/p{t) + A{E)).

Proof. Once we have Corollary 1 at hand, the proot
of this lemima can be developed by a literal repetition
of the proof of [37. Lemma 9.4|.

5.5. Symbol calculus. Now we are in a position
to prove the main result of this paper.

Theorem 5.1. Define the “double logarithmic spt-
rals bundle”

= U ({1‘} X 5(0:1;5(2’:31,

tel

H/p(t) + M) ).

(a) For each point (t,pn) € M, the map

. (72) (n) . .
IS5 } L {a! 0 &

| M XN INX2n
S NTEREE PC V= ©

given by

]

en E 0
O‘t..,U-kS(" }) ( O —F > y

/ ayy(t, i) a2t p) \

(n)y
orulal ) = k oy (t. 1) aas(t. _u,f] ) :
WILere
a11(t, ) = alt +0)u+alt—0)(1—p),
a’]-j{tﬁ ,U) — a2 (t: ,LL)
= (a(t+0)—a(t - 0)Vu(l —p),
ass(t.p) = a(t+0)(1—pu)+alt - 0)u,

and O end E are the zero and identity n X n ma-
trices, respectively, extends to a Banach algebra
homomorphism

V12X D
Tt . 1) — REnXen

with the property that oy, (K) 18 the zero maoirz
for every compact operator K on X,;

an operator A € 4 is Fredholm on X, if and only

if det oy (A) # 0 for all (t,p) € M:

the guotient algebra UT is inverse closed in the
Calkin algebra BT, that is, if a coset A" € U™ 18
invertible in B™. then (A™)™1 e U™.

(b)

c)

Procf. The idea of the proof of this theorem 1s
borrowed from [12] and is based on the Allan-Douglas
local principle (Theorem 4.1) and the two projections
theorem (Theorem 4.2).

Fix ¢t € T and chooese a function y; € FC such tha*r
v¢ is continuous on I'\ {¢}, x:(t —0) = 0, x: (¢ +0) = 1,
and v (L \ {t}) NS(0,1;6(¢). 1/p(t) + A(t)) = . From
(14) and Lemma 4 we deduce that the algebras L7 /J;
and W; = alg(C.p.q), where p.q and C are given by
(12) and (13), respectively, satisfy all the conditions of
the two projections theorem (Theorem 4.2).

a) In view of Theorem 4.Z2(aj, Ior every i <
S(0.1:6(t),1/p(t)+A(t)). themap o, : C"*"U{p.q} —
T2mX2n given by (9)-(10) extends to a Banach algebra
homomorphism o, : Wy — CE"'”‘ -, Then the map
1 Cﬁ-n.xiﬂ‘

Ot — Oy C 7t

140
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U = W = T
’..-""-'-

.18 a well defined

4y

1S Cl(_Ti:l% ;._"}1 The 1Tl

Banach algebra homo

If a € PC" ™, then in view of (11) and (al'™)™ -

— (a: I'"N7™ ¢ 7; it follows that

]
e

-y

Proposivion 3(a) it follows that m (&) =

rrom
T o= t € I Hence.

= T tor everv ¥ € K and ev«

0 O
:“",u(o}:(o O).

Y,

*,

Cf"fj“ (ir‘:)

Part (a) is proved.

(b) From Proposition 3 it follows that the Fred-
holmness of 4 € I/ 15 equivalent to the invertihility of
A™ e L™, By Theorem 4.1, the former is equivalent to
the invertibility of m,(4) = A"+ 7 in L™/ J; for eve
t € I'. By Theorem 4.2(b), this is equivalent to

1) #£ 0 for all (¢, u) € M.

det oy, (A) = det g, e ( (16)

Part (b) is proved.

(c) Since &(0,1;6(¢).1/p(t) + A(t)) does not sepa-
rate the complex plane C} it follows that the spectra of
(15) in the algebras L7/ 7 and W, = U™/ J; coincide,
so we can apply Theorem 4.2(c). If A7, where A € U,
is invertible in 57, then (16) holds. Consequently, by
Theorem 4.2(b), (¢), m:(A4A) = A7 + J; is invertible in
We = U™ | Je for every t € T'. Applying Theorem 4.1
to U™, 1ts central subalgebra Z7, and the ideals J;, we
obtain that 47 is invertible in U™, that is, U™ is inverse
closed in the Calkin algebra 57

Note that the approach to the studyv of Banach alge-
bras of SIOs based on the Allan-Douglas local Drinciple
and the

--l'-- H-. i—-

WO pl"O:jtS(, 10N theoreni is now

ot
gsfiills annlisd in ny situaticns fs <, C.8-,
N

It Tﬁ.rah.« un .L.L-l..l. v, L.u‘t.fl..ﬁ.i..:..k. Wi ALl ma.l.i
1t does not al]m’a

112-14, 20, 23 35. 37]). However.
to get fmmulas for the index of an arbitrary operator
in the Banach algebra of SIOs with PC coetficients.
These formulas can be obtained similarly to the classi-
cal situation considered by Gohberg and Krupnik |2, 3
(see also [12. Ch. 10]). For reflexive Orlicz spaces OR-’E‘T
Carleson curves with logarithmic whirl points this was
done by the author {38|. In the case of Nakano spaces
with Khvedelidze weights over Carleson curves with
logarithmic whirl points the index formulas are almost
the same as in [38]. It is only necessary to replace the

-2

3o

Y

10.

11,

16.

17.
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